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Abstract

Reversible logic is emerged as a promising
computing paradigm with applications in low-power
CMOS, quantum computing, optical computing and
nanotechnology. Optical logic gates become
potential component to work at macroscopic (light
pulses carry information), or quantum (single
photon carries information) levels with high
efficiency. In this paper, we propose a novel scheme
of Hybrid new gate realization in all-optical
domain. Simulation results verify the functionality
of the gate as well as reversibility. Approximate
insertion power loss in dB is also reported for the
Gaussian incident and control pulse.
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1. Introduction

All-optical switching - the switching of one beam of
light by another is an essential operation for
transparent fiber optic networks and for all forms of
optical information processing [1-6]. In order to
overcome the electronic bottlenecks and fully exploit
the advantages of optical fiber communication, it is
necessary to move towards networks where the
transmitted data would remain exclusively in the
optical domain without optical-electrical-optical
(OEO) conversions [7]. Two fold driving forces for
this all-optical switching are the broadband photonic
network environment that emerges due to rapid
convergence of telecommunication and informatics.
The other one is the massive use of data applications
such as internet and multimedia. All-optical gates
avoid complex and speed-limited optoelectronic
conversions.
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Among the proposed schemes, the terahertz optical
asymmetric demultiplexer (TOAD) and
semiconductor optical amplifier (SOA)-assisted
Sagnac gate effectively offers fast switching time and
a reasonable noise figure [8]. Moreover ease of
integration and overall practicality enable it to
compete with other similar optical time division
multiplexing (OTDM) devices [9].

In  conventional computers, majority of the
computation operations are irreversible i.e. once a
logic block generates the output bits based on certain
input combinations, the later bits are lost. The
classical set of gates such as AND, OR and X-OR are
irreversible as they are all multiple-input single
output logic gates. However, this is not the case for
reversible logic circuits. A gate is reversible if the
gate’s inputs and outputs have a one-to-one
correspondence, i.e. there is a distinct output
assignment for each distinct input combination.
Therefore, a reversible gate’s inputs can be uniquely
determined from its outputs. Reversible logic gates
must have an equal number of inputs and outputs.
Then the output rows of the truth table of a reversible
gate can be obtained by permutation of the input
rows. Reversible logic circuits have been emerged as
a promising technology in the field of information
processing, for example, military data processing to
preserve intelligence or medical signal to prevent
data loss or revert back data modification.
Irreversible computation results in energy dissipation
due to data loss [10]. On the other hand, the
reversible logic circuits offer an alternative form that
allows computation with arbitrary small energy
dissipation [11]. There are number of existing
reversible gates in literature like Fredkin gate.
Experimental reversible chips and arithmetic circuits
are developed.

The present work explores a circuit realization of
Hybrid new gate (HNG) using ~ SOA-based TOAD
[12-16]. TOAD based switch satisfies the
requirements for low switching energy and latency as
well as stable and cascade ultrafast operations.
Simulation is done with Mathcad-7. Simulation result
confirms the functionality of forward and reverse
logic operations.
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The paper is organized as follows: In Section 2,
principle and operation of TOAD-based optical
switch is discussed. All-optical circuit realization for
TOAD switch-based Hybrid New Gate is described
in Section 3. Section 4 discusses simulation based
performance analysis. Finally, conclusions are drawn
in Section 5 along with scope of future works.

2. Operational principle of TOAD
based optical switch and related
works

The all-optical memories that are implemented with
SOA-based TOAD switches are very promising
candidates for use in all-optical packet switch (OPS)
networks due to the fact that

e They are characterized by the attractive
features of fast switching time, high
repetition rate, low power consumption, low
latency, noise and jitter tolerance,
compactness, thermal stability and high
nonlinear properties. All these properties
enable their efficient exploitation in a real
ultra-high speed optical communications
environment [16].

e They have the potential of being integrated,
which in turn means that they can be
repeatable and reliably be manufactured
leading to massive production. This
highlights their commercial values and they
can favorably compete with other buffering
solutions [17-20].

e They are operationally versatile, i.e. they
can be exploited in more complex all-optical
signal  processing applications  without
significantly changing their fundamental
architecture [21].

e Their storage/buffering time can be altered
on demand by simply adding or removing
fiber without significant cost in power
dissipation or energy loss.

In recent years, TOAD based gate has taken an
important role in optical communication and
information processing [17-24]. Sokoloff et al. [17]
demonstrated a TOAD capable of demultiplexing
data at 50 Gh/s. TOAD exploits the strong, slow
optical nonlinearities present in semiconductor. It
distinguished control and signal pulses using
polarization or wavelength. It requires less than 1 pJ
switching energy. The same authors group has also
reported that by reducing the SOA length to 100 pum
and increasing its dc bias current, its propagation
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delay can be reduce to 1 ps without impacting its
performance as a nonlinear element. Then TOAD can
perform demultiplexing at Tb/s [24].

The TOAD consists of a loop mirror with an
additional intraloop 2x2 (ideally 50:50) coupler. The
loop contains a control pulse (CP) and a nonlinear
element (NLE) that is offset from the loop’s midpoint
by a distance Ax as shown in Fig. 1.
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Fig. 1: TOAD-based optical switch

A signal with field E; (t) atangular frequency @ is

split in coupler. It travels in clockwise (cw) and
counter clockwise (ccw) direction through the loop.
The electrical field at port-1 and port-2, can be
expressed as follows'

Eout,l(t) = Ein (t _td)'e_jmtd ':dz 'gcw(t _td)_kz gccw(t _td)} M)
Eol)= JOE, () €7 |8 (-4)+ 8 -] @

Where td is pulse round trip time within the loop as

shown in the Fig- 1. Coupling ratios k and d indicate
the cross and through coupling, respectively. The cw
signal be amplified by the complex field gain. g_ (t),

while ccw by g, (t) . The output power at port-1
can be expressed as,

Poul‘l(t) = Pin (tA_td) {Gcw (t) + Gccw(t) -2 Gcw(t) 'Gcnw (t) 'COS<A¢)} (3)

_ Pin(t_td).
-l

Where, SW (t)is the transfer function. The phase
difference between cw and ccw pulse is defined

by Ap = (@, — Poe) - The symbols G, (t),G,,,(t)
indicate the respective power gains. Power gain is
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G=g’and

related with the field gain as
o G
Ap=——-In| ==~ |-
¢ 2 [Gccwj
Now we will calculate the power at port-2

1 .
Pout,z (t) = E Eout,Z (t) ’ Eout,Z (t)

=d"l2-P(t—t,) g t-t,)

| [1+gw1(z—z§)+2, gw(r—%)) ,Cm[%.@_;ij_g;w(r—rdj]}

glt-t) gt

=d’k*- Pm(t—td)~GCW-{1+%+2- /%-COS[A¢]}

=0k P, (1-1,)-{6, +0y +24[G, G, -co5[Ag]} (4)

For ideal 50:50 coupler, d? =k? :%. In the

absence of a control signal, data signal (incoming
signal) enters the fiber loop, pass through the SOA at
different times as they counter-propagate around the
loop, and experience the same unsaturated amplifier

gain GO, recombine at the input coupler i.e.
G, =G, This leads to A =0. So expression

for P,,(t)=0 andP,,,(t)=G,-P,. It shows

that data is reflected back toward the source. When a
control pulse is injected into the loop, it saturates the
SOA and changes its index of refraction. As a result,
the two counter-propagated data signals will
experience a differential gain saturation profiles i.e.

G, # Gy, - Therefore, when they recombine at the

input coupler, the data will exit from the output
port-1. For this case, the mathematical forms of two
output ~ powers  can be expressed as,

Pu. () = w -SW (1) and Pout,z (t) ~0.

Result of numerical simulation with Matlab7.0 has
been shown in Fig. 2. In this simulation line-width
enhancement factor of SOA (o)) was taken 9.5 and the

ratio G, / G, was taken 0.52.

A polarization or wavelength filter may be used at the
output to reject the control and pass the input pulse.
Now it is clear that in the absence of control signal,
the incoming pulse exits through input port of TOAD
and reaches the output port-2 as shown in Fig. 2. In
this case no light is present in the output port-1. But
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in the presence of control signal, the incoming signal
exits through output port of TOAD and reaches the
output port-1 as shown in Fig. 1. In this case no light
is present in the output port-2.
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Fig. 2: Simulation result: (a) output pulse (Pout,1
and Pout,2) in presence of control pulse i.e. CP=1
(b) output pulse (Pout,1 and Pout,2) in absence of
control pulse i.e. CP=0 (c) incoming signal pulse.

In the absence of incoming signal, Port-1 and Port-2
receive no light signal as the filter blocks the control
signal. Schematic block diagram is shown in Fig. 3
and truth table of the operation is given in Table-1.
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(wihal e
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Fig. 3: Schematic diagram of TOAD-based optical
switch:

Table-1: Truth table of TOAD based optical
switch as shown in Fig. 3

Incoming Control Output Output
Signal Signal Port-1 Port-2
0 0 0 0
0 1 0 0
1 0 0 1
1 1 1 0
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3. TOAD based Gate Realization

This section presents the TOAD based realization of
Hybrid New Gate.

TOAD-based Hybrid new gate: Principle and
Design

HNG is a 4:4 one-through reversible logic gate. It has
four inputs (A, B, C, D) and four outputs (P, Q, R, S)
satisfy the relation as follows:

P=A

Q=B

R=A@Ba&®C (5)

S=(A®B).C ® AB@D

Schematic diagram is given in Fig. 4. The truth table
is given in Table 2. HNG gate can be used for
implementing arbitrary functions and is useful for
implement in all Boolean functions. The OR and the
X-NOR  functions can be  simultaneously
implemented using HNG as show in Fig. 5 (a). The
X-OR functions and the NAND function can be
implemented as depicted in Fig. 5 (b). The NOR
function can be obtained as shown in Fig. 5 (c), while
the AND function can be implemented as in Fig. 5
(d). The implementation of the HNG gate as NOT
function is shown in Fig. 5 (e).

A | s
B — Q=B
HNG | ° _
C — R=AGB&C
D — _S=(A®B).CHABED
Fig. 4: Schematic diagram of HNG
A p—
? HNG :R=(AmB)'
0 = 5 = A + B
(@
A -_-
E dquie Fp _ 4 e
1 - - 5 - I::!LB :..-

(b)
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Fig. 5: (a) XNOR and OR gates; (b) XOR and
NAND gates; (c) NOR gates; (d) AND gates; (e)
NOT gates

The TOAD based circuit for all optical reversible
HNG is given in Fig. 6. Light from input A is
incident on beam splitter (BS) and is split into two
parts. One part is directly connected with TOAD -2
and acts as incoming signal for TOAD -2. Another
part is connected with TOAD -1 through wavelength
converter (WC) and erbium doped fibre amplifier
(EDFA) so that they can act as control signal to
TOAD -1. In a similar way Light from input B is
incident on beam splitter (BS) and is split in two
parts. One part is used as output Q and another part
again incident on beam splitter is connected with
TOAD -1 and TOAD -2 as shown in Fig.6. The bar
port of TOAD -1 (B,) and cross port of TOAD -2
(C,) are combined by a beam combiner BC-1 to get
the output P. Light from cross port of TOAD -1 (C,)
and TOAD -2(C,) are combined by BC-2 to get the
control signal of TOAD -3 and input signal of
TOAD -4 and TOAD -5. Light from input C is
incident on beam splitter (BS) and is split into two
parts. One part is directly connected with TOAD -5
as control signal and another part is again incident on
beam splitter (BS). It divided in two parts. One part is
directly connected with TOAD -3 and act as input
signal for TOAD -3. Another part connected with
TOAD -4 acts as control signal through WC and
EDFA.



International Journal of Advanced Computer Research (ISSN (print): 2249-7277 ISSN (online): 2277-7970)

Table-2: Truth table of the proposed reversible

HNG gate
Inputs Outputs
A |B|c |D |p Q |rR |S
0 |0 0 0 0 0 0 0
0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0
0 0 1 1 0 0 1 1
0 |1 0 0 0 1 1 0
0 1 0 1 0 1 1 1
0 1 1 0 0 1 0 1
0 1 1 1 0 1 0 0
110 0 0 1 0 1 0
1 0 0 1 1 0 1 1
110 1 0 1 0 0 1
110 1 1 1 0 0 0
1 1 0 0 1 1 0 1
1 1 0 1 1 1 0 0
1 1 1 0 1 1 1 1
1 1 1 1 1 1 1 0

Light from cross port of TOAD -3 (C3) and
TOAD -4 (C4) are combined by BC-3 to get the final
output R. Bar port of TOAD -2 (B,) in incident on
BS and is split in two parts. These are input and
control signal of TOAD-6 and TOAD-7, respectively.
The cross port of TOAD -6 and TOAD -7 are
combined by BC-4. Output of BC-4 is incident on
BS and is split in two parts. These parts act as input
of TOAD -8 and control of TOAD -9, respectively.
The bar port of TOAD -5 is also split in two parts by
BS and are used as input of TOAD -9 and control of
TOAD -8. Light from cross port of TOAD -8 (Cg)
and TOAD -9 (C,) are combined by BC-5 to get the
final output S.

Let us discuss the operation in details. Here, the
presence of light is taken as 1 state and absence of
light is taken as O state.

(1) When A=B=C=D=0 i.e. no light is present at
input, the final outputs show no light condition i.e.
P=Q=R=S=0.

(2) When A=B=C=0 and D=1, incoming signal is
present only at TOAD -7 and TOAD -8 but control is
absent. So light comes out through cross port of
TOAD -7 and TOAD -8. Therefore, when A=B=C=0
and D=1, P=Q=R=0, and D=1. It satisfies the second
row of the truth table-1.

(3) When A=B=0 and C=D=1, incoming signal is
present only at TOAD -3 and TOAD -7 but control is
absent. So light comes out through cross port of
TOAD -3 and TOAD -7. Therefore, P=Q=0, C=D=1.
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It satisfies the third row of the truth Table 1.

(4) When A=B=D=0 and C=1, incoming signal is
present only at TOAD -3 but control is absent. So
light comes out through cross port of  TOAD -3.
Therefore, the conditions P=Q=S=0, and R=1 are
satisfied.

(5) When A=C=D=0 and B=1, the TOAD -1 receive
light as the incoming signal but control is absent at
TOAD -1, so B;=B,=C,=0, and subsequently C,=1.
Now for the TOAD -4 the incoming signal receives
light but the control signal receives no light, hence,
C4=1. This indicates P=0, Q=R=1and S=0.

(6) When A=C=0 and B=D=1, the TOAD -1
receives light in the incoming signal but control is
absent at TOAD -1, so B;=B,=C,=0, and
subsequently C;=1. Now for the TOAD -4 the
incoming signal receives light but the control signal
receives no light. Again as the input D=1, the
incoming signal of TOAD -7 is present but control is
absent, so C,=1 and subsequently Cg=1. P=0,
Q=R=S=1 are satisfied.

(7) When A=0, B=C=1 and D=0, TOAD -1 receives
light as incoming signal but does not receive control
light signal. Again light from input C acts as
incoming signal of TOAD -3. Hence P=0, Q=1, R=0
and S=1 are satisfied.

(8) When A=0, B=C=D=1, TOAD -1 receives light
pulse as the incoming signals but does not receive
control light signal. TOAD -3, TOAD -4, TOAD -5,
TOAD -8, and TOAD -9 receive the incoming light
and control light pulses, which means P=R=S=0 and
Q=1.

(9) When A=1, B=C=D=0, TOAD -2 receives light
pulse as the incoming signals but does not receive
control light signal. The consequent results are B;=0,
C.=0, B,=0, C,=1, so, at TOAD -4 the incoming
signal receives light but the control signal receives no
light, hence, C,=1. This indicates P=R=1, Q=S=0.
(10)When A=D=1, B=C=0, then TOAD -2 receives
light pulse as the incoming signals but does not
receive control light signal. The consequent results
are B;=0, C,=0, B,=0, C,=1, so, at TOAD -4 the
incoming signal receives light but the control signal
receives no light, hence, C,=1. Again as the input
D=1, the incoming signal of TOAD -7 is present but
control is absent, so C;=1 and subsequently Cg=1.
This indicates P=R=S=1, and Q =0.
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Fig. 6: Circuit for all-optical HNG

BC: Beam Combiner,

BS: Beam Splitter, > EDFA: Erbium Doped Fiber Amplifier,
Wavelength Converter

.WC:

Implementation requires 9 TOAD switch, 5 BC, 12 BS, 9 EDFA and 9 WC.

(11)When A=C=1, B=D=0, TOAD -2 receives
light pulse as the incoming signals but does
not receive control light signal. Again as the
input C=1, TOAD -3 and TOAD -4 receive
both the incoming signal and the control
signal. This indicates P=S=1, Q=R =0.

(12)When A=C=D=1, B=0, TOAD -2 receives
light pulse as the incoming signals but does
not receive control light signal. Again as the
input C=D=1, TOAD -3, TOAD-4, TOAD -
5,  TOAD -6, TOAD -7, TOAD -8 and
TOAD -9 receive both the incoming signal
and the control signal. This indicates P=1,
Q=R =S=0.

(13)When A=B=1, C=D=0, TOAD -1 and
TOAD -2 receive both the light pulses as the
incoming signal and the control light signal.
So, B1=1, C1=0, B2=1 and C2=0. P= Q=
S=1, R=0 are satisfied.

(14)When A=B=D=1, C=0, TOAD -1 and
TOAD -2 receive both the light pulses as the
incoming signal and the control light signal.
So, B1=1, C1=0, B2=1 and C2=0. Again as
the input D=1, so C6= C7=0. P= Q=1,
R=S=0 are satisfied.

(15)When A=B=C=1, D=0, TOAD -1 and
TOAD -2 receive both the light pulses as the
incoming signal and the control light signal.
So, B1=1, C1=0, B2=1 and C2=0. Again as
the input C=1, at TOAD -3, the incoming
signal receive light but the control signal
receives no light. Hence, C3=1 and
subsequently C6=1. This indicates C8= 1.
This shows P=Q=R=S=1.

(16)When A=B=C=D=1, TOAD -1, TOAD -3,
TOAD -6, TOAD -7 receive both the light
pulses as the incoming signal and the control
light signal. So, this indicates P=Q=R=1and
S=0.

4. Simulation based performance and
discussion

This section presents the simulation results that verify
the Boolean functions of the gate.

Simulation result of Hybrid new gate

The simulated waveforms are shown in Fig. 7.
Simulation is done in Mathcad-7. The power of the
input pulse is taken A=1.13 dBm, B=2.26dBm and
C=D=1.13 dBm. Here we use 50:50 beam splitters.
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Fig-7: Simulation result of Fig.6
The vertical axis in Fig. 7 indicates power in dB, while horizontal axis represents time scale in ps.

The timing instant for the occurrence of bit pattern
are at 0,5,10,15,20,25,30,35,40,45,50,55,60,65,70,75
ps. Upper three set waveforms indicate the input bit
sequences, 0000000011111111, 0000111100001111,
0011001100110011, 0101010101010101 for the
input variables A, B, C, D, respectively. Similarly,
the lower three waveforms indicate bit sequences
0000000011111111, 0000111100001111,
0011110011000011, 0101011001101010 bit pattern
change of output variables P, Q, R, S, respectively.
From Fig-7, we get I.L|x agt 35 ps= 3.01 dB= L.L|y At
35 ps), =l LlZAat 30 ps), Il I—|Y B(at 25 ps) =6.98 dB l. L|Z B(at 30
=6.98 dB, I.L|zc@ 15 p= 8.75dB. The power level
clearly distinguishes logic state 1 and logic state 0.
Let us test the reversible operation from the
simulation results with chosen arbitrary time at 10 ps.
The output signals are P=0, Q=0, R=1, S=0. Using
these specific outputs we gate from Equation 5, A=0,
B=0, C=1 and D=0. Similarly, different output bit
patterns give the different input bit combinations that
satisfy the reversibility conditions.

Result of numerical simulation (with Mathcad-7) of
the TOAD based Hybrid New gate verify the truth
table of the gates.

The parameters used in this simulation (MQW SLA
[16]) are shown in Table-3. Incoming and control
pulse energy of every TOAD are Gaussian

2
t
exp in nature. The pulse
mf { ( ]}

widtho (full width at half maximum) takes value
2.05 ps here.

The BS used here is not polarizing. They reflect (and
transmit) 50 % of the light incident, for all
polarizations of the incident light. The insertion loss
(I.LL.) of this circuit can be calculated by the
following equation:

I.L(dB) = 10 log (Ppﬂ_ﬂ) (6)

The extinction ratio of the TOAD based switch can
be calculated by the following equation (Leuthold et
al. 1998) [44] :

P
ExR(dB)[™" =10 Iog[ ‘WJ

out,1

Control=off (7)

P
ExR(dB)[™ =10 log ( P°“‘ 1 j

out,2

Control=on

0
With these formulae we obtain EX. R(dB)| =

very high (because we get P

w1 DY theory is zero)



International Journal of Advanced Computer Research (ISSN (print): 2249-7277 ISSN (online): 2277-7970)

and EX.R(dB)|ON: 13.18 dB. We select the

output contrast ratio (C.R.) as the optimization
criteria. This indicates the opening of the eye diagram
and define the output contrast ratio (C.R.) as the
minimum peak power when the pulse of the payload

is high (1) say ( P,&Iin) and to the maximum when the

pulse is low (0) say ( P,\;’ax) (Li et al. 2005) [20].

Table-3: Parameters used in simulation

Parameters Symbol Value

Injection current of SOA | 120 mA

Unsa_tu_rated_ single-pass G 175 dB

amplifier gain 0

Line-width enhancement factor

of SOA a 1

Gain recovery time Ty 270 ps

Saturation energy of the SOA ESat 1215 1)

Eccentricity of the loop of

TOAD T 95 ps

Control pulse energy E. ~200 fJ

Full width at half maximum of o 2.05 ps

control pulse

Incoming pulse energy E, ~20f)
Phj;lin

C.R.(dB) =10 log| - 8
|:)Max

By equation (8) we can calculate the output C.R.(dB)
for reversible logic gates is found 18.027 dB.

25T

95

21 T
18.03

17

CR.(dB)

13 T

9 +

0o 40 80 120 160 200
Fig.8: The variation of contrast ratio (C.R.) with
control pulse energy ( E

cp)

Fig-8. gives the variation of C.R. with control pulse
energy ( Ecp) with eccentricity of the loop (T) is kept
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constant. It shows that maximum C.R. is obtained at
200fj control pulse energy. Fig-9. shows the variation

of C.R. with T when, E_ is fixed and it confirms

that C.R. is high when eccentricity of the loop (T) is
95 ps.

The theoretical model developed and the results
obtained numerically will be useful in future
all-optical computing and information processing. If
we use orthogonally polarized light as control signal
then wavelength converter (WC) can be avoided in
our proposed design. This alternative technological
option will enhance the potentiality of this scheme
for exploitation in sophisticated interconnection of
enhanced combinational/ sequential functionality

To experimentally achieve result from the proposed
scheme, some design issues have to be considered.
For example, walk-of problem due to dispersion,
polarization properties of fiber, predetermined values
of the intensities / wavelength of laser light for
control and incoming signals, introduction of filter
,intensity losses due to fiber couplers, etc. Because of
the small size of TOAD, the walk-off between
control and incoming signal may not be a great
problem. Lasers of wavelength 1557 nm and 1549
nm can be used as incoming and control signal,
respectively.

25 T
200
20 4 18.03
—
L 157
=
o
G 10 +
51
: : : : |
[0} 70 140 210 280 350

Fig. 9: Variation of contrast ratio (C.R.) with
Eccentricity.

Here, control pulse (CPLS) can be a mode-locked
Er* doped fiber pulsed laser (EDFL) source
(unpolarized/partially polarized) of wavelength 1557
nm. The control signal is also an EDFL of 1549 nm
wavelength. Optical circulator can be used to isolate
the reflected pulse. Band pass filter (BPF) passes the
signal of wavelength 1557 nm and blocks the signal
of wavelength 1549 nm. Here, SOA used in TOAD
loop may be of InGaAsP travelling wave
semiconductor  optical —amplifier of length
[1500 gmand of low polarizing sensitive (BT & D
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SOA 3200). Intensity losses due to couplers in
interconnecting stage may not create much trouble in
producing the desired optical bits at the output as the
whole system is digital one and the output depends
only on the presence or absence of light.

5. Conclusion and Future Work

In conclusion, the design of all-optical reversible
Fredkin gate by TOAD is theoretically addressed and
demonstrated.  Simulation  results  verify the
functionality of the gate with verified reversibility.
Approximate insertion loss (I.L.) and variation of
contrast ratio (C.R.) with control pulse energy are
also reported. The primary component of the design
is the TOAD. The critical parameters designed from
the simulation results highlight the important fact that
implementation may be realized with more than
adequate contrast ratio and in a practically feasible
way. Future work would concentrate realization of
various Boolean expressions and arithmetic
operations.
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