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1.Introduction 
In recent years, car manufacturing has improved with 

the biggest improvements in terms of the applied 

technology [1]. With the advent of the latest 

technology, the suspension system takes the primary 

role in ensuring the safety and ride comfort of the car. 

The key to have a good ride comfort is the ability of 

the vehicle’s suspension system to isolate the 

vehicle’s body from the road’s imperfections and 

undulations for the passengers, which would cause an 

unpleasant oscillations and accelerations [2].  

 

A quality suspension squarely depends on the 

behaviour of the car. It supports that the safety of the 

car would hang on the performance of the suspension 

system, even though there are many cutting edge 

technology that is used extensively on the other parts 

of the car.   

 
*Author for correspondence 

A good suspension system should absorb road impact 

rapidly and could return to its normal position slowly 

while maintaining an optimal tyre to the road contact 

[3]. Therefore, the vehicle suspension system tasks 

for ensuring the ride comfort remains the same while 

negotiating the unwanted disturbances coming from 

the various road conditions. 

 

The current passive suspension has the limitation 

related to the motion of the car’s body and the wheel. 

This limitation also relates to the failure of the 

velocities to provide the required ride comfort [4].  

The design of the automobile suspension system has 

been to a lens of the study for a long time. An 

efficient design of an automobile suspension system 

has been satisfied the ride comfort and better vehicle 

handling within a reasonable range of suspension 

deflection [5]. Therefore, the designing and 

developing of an advanced passive suspension 
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system that could provide a better performance of the 

system becomes the main focus  of the study. 

 

Many studies have been done in the field to find out 

the best optimization in improving the ride comfort, 

for instance, Amin et al. [6] has performed a detailed 

experimental work to determine the effects of road 

excitation on ride comfort. Nonlinear equations are 

widely used as the models to describe the complex 

physical phenomena and its significant role in several 

scientific and engineering fields as noted in [7]. 

Numerous methods are available in the field such as 

Rotating Square Evolutionary Operation (ROVOP), 

gradient based method, genetic algorithm and 

sequential search method of measuring the ride 

comfort. Shirahatti et al. [8] have employed genetic 

algorithm to find out the minimum acceleration and 

the road holding, and thus the results have been 

compared using the Simulink model. The existing 

methods in the field, namely, analytical, 

experimental, and computational methods have been 

studied and minimized in the combustion problem 

[9].   

 

The comparison for the ride performance of the 

suspension system between the double mathematical 

modelling and experimental work for a quarter car 

model of the Proton Preve suspension system has not 

been studied comprehensively. Moreover, the passive 

suspension system focuses on the intelligence system 

with the mathematical modelling has not been 

touched upon. The comparison for the oscillation of 

travel displacement against time between the 

mathematical modelling and the experimental work 

has not been carried out as well. The study 

contributes the development of a new mathematical 

modelling for a quarter car model of the Proton Preve 

suspension system.  This study also strives as a 

guideline of achieving a better automobile suspension 

system and the theories in the mathematical 

modelling could be applied to the car manufacturing 

industries. 

 

The study aims to formulate a new mathematical 

modelling of the passive suspension system using the 

Proton Preve car model. The performance of the 

double passive automobile suspension system is 

examined using the graph plotted by Matlab 

software. For the validation, the result obtains from 

the mathematical modelling will be compared to the 

data produces from the experimental work. The 

comparison depicts using the Matlab software and 

further analysis uses the dispersion model. 

Meanwhile, the validation process also supports with 

the Ford Scorpio car model’s study. The study is 

organized as follows: Sections 1 and 2 introduce the 

passive automobile suspension system and the related 

literature reviews. The new mathematical modelling 

of the passive automobile suspension system yields 

the unique solution of the double passive suspension 

system is explained in Section 3. Sections 4 and 5 

show the analyses of the vertical displacement 

between mathematical modelling and experimental 

systems. The study ends with a remarked conclusion 

in Section 6. 

 

2.Literature Review  
The suspension has an intention to protect the vehicle 

from the vibrations which occur when traveling on a 

rough road surface [10]. The other functions of a 

suspension system were to decrease the vibration 

energy that is induced in the body of a vehicle by 

road disturbances and to maintain the vehicle’s 

stability within an acceptable range [11]. The ride 

comfort creates from the vertical acceleration 

produced by the car. The passenger’s seat has been 

filtered through the process and the weight of the 

frequency was also the domain of the human 

sensitivity in relation to the vertical acceleration [12].  

 

An effective suspension system can provide a greater 

protection with a lower level of concussive 

movement to the car body depending on the 

interaction with an uneven road surface [6]. Cars 

generally, have two suspension systems connected at 

the tandem to control the driving and braking forces 

in providing a smooth ride and comfort [13]. A 

majority of the present commercial vehicles that are 

built by the major manufacturers containing the 

passive suspension systems, which has a unique force 

for displacement or speed. This force characteristic 

was imposed by the characteristics of the constructive 

elements used in the passive suspension system to 

control the dynamics of the vehicle’s vertical motion 

[14].  

 

The car suspension has been classified into three 

types, namely, passive suspension systems, active 

suspension systems and semi-active suspension 

systems [15]. These types of the suspensions have a 

different operational mode in enhancing the safety of 

the vehicle, ride comfort and the overall performance 

of the car [16]. Numerous car models have been 

utilized these types of the suspension systems in the 

manufacturing such as the quarter car model, half car 

model and full car model [17]. 
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The passive vehicle suspension system consists of the 

spring and damper. Damper uses to disperse the 

energy and spring acts as an energy storing element. 

Both elements were without any energy into the 

system like the type of an automobile suspension 

system or known as passive suspension system [18]. 

The system consists of the fixed parameters such as 

ride comfort, road holding and load conveying. The 

main problem of the suspension system is the damper 

design. If the damper has heavy loading, the car 

became an unbalanced mode on the road while if the 

damper has lightweight, the car achieved the stability 

mode even when turning or changing lane. The road 

profiles are also an important role in the performance 

of the suspension system.  In the passive suspension 

system, the different types of spring are applied to the 

different vehicles. As highlighted in [19], the spring 

rate became high when the heavy suspension loads 

were used [19]. Moreover, if the spring stiffness 

increased, thus, the ride comfort decreased [20].  

 

Passive suspensions are designed to satisfy the 

conflicting criteria of the ride comfort and vehicle 

handling. The main function of the car suspension 

systems was to minimize the vertical acceleration 

transmitted to the passenger by providing the road 

comfort [21]. Suspension system plays an important 

role in the performance of a vehicle to minimize the 

shocks acting upon the chassis and driver while 

maintaining the wheel road traction during the bump 

and droop conditions. One of the important features 

was the vehicle stability and driver’s comfort, which 

satisfy through a strong suspension design [22]. 

Different types of the mathematical models have 

been developed for the different suspension system of 

the vehicle. Different suspension systems were 

fulfilled the constraint of an energy efficiency using 

various approaches [23]. The quarter vehicle model 

was used as an initial investigation, in which the 

model was closely resembled the actual model of the 

car [24]. Ride safety and the handling capabilities of 

the vehicle are mainly determined by the suspension 

system which transmit the forces between the vehicle 

and the road.  

 

The automobile industry predominantly uses the 

passive suspension systems due to its low cost and 

high reliability. However, this type of the suspension 

is typically designed with the limited functionality 

due to the constraints of the design parameters. In 

order to improve the vibration-suppression effects of 

the passive suspension, many studies have proposed 

the incorporation of an active actuator as the 

supplement to the passive device or also known as 

the active-passive-combined suspension system [25]. 

This approach, however, has been required a 

complicated learning mechanism or a specific 

performance decision table with the certain 

difficulties in the application [21]. 

 

From all the described reviews, the comparison 

results between the double mathematical modelling 

and experimental work in the quarter car model of the 

Proton Preve suspension system have not been 

comprehensively studied. However, only the passive 

suspension system has been studied using the 

intelligence system and undoubtedly, the 

mathematical modelling has not been explored yet. 

The review also notes that, there is no related study 

has been focused on the Proton Preve suspension 

system.  Therefore, a double mathematical modelling 

is formulated and applied to the Proton Preve car 

could be awarded as a novel study. The modelling 

offers some beneficial aspects to the automobile 

suspension system and also giving a new knowledge 

and exploration to the related industry. 

 

3.Methods 

There were two common techniques to depict the 

verification and validation process related to the 

model development process [26]. A new 

mathematical model of the passive suspension system 

was produced using the Proton Preve car model. The 

mathematical modelling was utilized the second 

order linear differential equation.  

 

The mathematical modelling using Proton Preve 

parameter was transformed into Matlab software in 

order to obtain a graph between the vertical 

displacement and time settlement. For the 

experimental work, the physical modelling was 

conducted using Proton Preve automobile suspension 

systems. The experiments were implemented to yield 

the real vertical displacement and time based on 

Proton Preve. Matlab software was also used to plot a 

graph between the vertical displacement and time 

from the experimental data. Moreover, the graph 

between the vertical displacement and time from the 

experimental work was a sinusoidal-shaped 

waveform pattern and was a graph reference when 

conducting the validation process.  

 

The graph from the mathematical modelling was 

known as the proposed model graph while an actual 

graph was identified from experimental work. The 

proposed model was acceptable when the graph 

contained the similar pattern with the actual graph. At 

the moment, the error was equal to 0% since the 



S. H. Yahaya et al. 

1186 

 

patterns were identical. When the graph patterns were 

identical, the data henceforth consisted of the s ame 

characters. Further analysis was also conducted using 

the dispersion model. This analysis will be explained 

in Section 5. 

Figure 1 shows the process flow diagram of the 

study. Every procedure was employed in both 

models, mathematical modelling and the 

experimental work. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 Process flow diagram of the study 

 

3.1Mathematical modelling of the passive system 

The motion of the body and the wheel was controlled 

by the passive suspension system by limiting their 

relative velocities to a rate of the desired ride 

characteristics [17]. This system was performed by 

several types of the damping elements placed 

between the body and the wheels of the vehicle, such 

as hydraulic shock absorber. The model of the 

passive car suspension system was basically 

originated from Ford Scorpio model. The model 

applies the spring ( k ), damper ( ) connected with 

the wheel mass ( ). Figure 2 depicts the model.  

 

 

 

 

 

 

 

 

 

 

Figure 2 Car suspension model 

Newton’s second law of motion in a vertical direction 

was applied to derive the mathematical equations 

especially for describing the motions. By assuming 

the car body and the wheels move vertically upwards 

with the spring and damper expressed as 

yxtX -=)(
    (1) 

where 

 is an extension of the spring; 

 is the vertical displacement of the car body above 

its equilibrium position; 

 is the vertical displacement of the wheel (due to 

the road surface was measured with respect to some 

fixed horizontal line). 

 

A mechanical element for spring was deformed by an 

external force when applying the force. The 

relationship between the acting force, and the 

displacement, written as 

    (2) 

and the spring force denoted by 

    (3)  
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where  is a force of the spring, is a constant 

parameter and is an extension of the spring.  

 

For the passive system, the system was dealt with a 

linear damping force. Given the damper force such as  

    (4)                                      

where  is a resisting force for damper, is a 

damping coefficient  and  is a relative velocity of 

the housing and the piston.  

      (5)                                            

where  

 is an extension of the spring; 

 is the vertical displacement of the car body above 

its equilibrium position; 

 is the vertical displacement of the wheel (due to 

the road surface was measured with respect to some 

fixed horizontal lines). 

 

The first order differential equation in Equation (5) 

was modified to such as 

    (6)                                                                         

Figure 3 shows the simplified model from Figure 2. 

 

 

 

 

 

 

 

 

Figure 3 Damper and spring forces in car model 

 

Figure 3 implies the Newton law of motion. The 

Newton’s second law of motion was denoted as  

    (7) 

 

where is a force, is a mass and is an 

acceleration.  

 

Newton’s second law was re-written using the second 

order of ordinary differential equation as  

)(-)(-)( tFtFtm ds
 
   (8)        

                                          

Figure 4 depicts the road surface profile which 

contain the sinusoidal-shaped curve. 

 

 

 
Figure 4 Sinusoidal-shaped curve in road surface 

profile 

 

The sinusoidal-shaped curve in road surface profile 

was described as 

    (9)            

where  is an amplitude of the sinusoidal curve,  

is a vertical displacement of the wheel due to the road 

surface was measured with respect to some fixed 

horizontal datum lines and  is a horizontal 

displacement. In the road profile by assuming the car 

was travelled with an average horizontal speed,  as 

      (10) 

Therefore, 

   (11) 

The differentiation of  was yielded as 

  (12)  

 

3.2 Development of the mathematical modelling 

for double passive suspension system 

In order to verify the proposed model therefore, the 

parameter values of the car were employed. The 

following parameters of Proton Preve car model were 

such as: 
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Equation (8) was modified to yield the following 

equations: 
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Equations (11) and (12) were substituted into 

Equation (14) to have

  

 

                                        

     (15) 

Equation (15) was solved using nonlinear form such 

as 

   (16)  

where pX  is a general particular solution and  is 

a complementary solution.  

Moreover, 𝑋𝑝  was solved using the following 

equations: 

 

290𝑚2 + 1000𝑚 + 16812 = 0  (17) 

 

𝑚 =
−𝑏±√𝑏2 −4𝑎𝑐

2𝑎
    (18) 

 

𝑚 = −1.724 ± 7.416𝑖    (19) 

 

Equation (19) consisted of the root of the complex 

conjugate, therefore, 𝑋𝑝  was obtained as  

𝑋𝑝 (𝑡) = 𝑒−1.724𝑡 [𝑎 𝑐𝑜𝑠(7.416) 𝑡 + 𝑏 𝑠𝑖𝑛(7.416) 𝑡] 

     (20) 

The following equation was used in constructing  𝑋𝑐  

became  

𝑋𝑐
(𝑡) = 𝑘𝑦(𝑡) + 𝑐𝑦′(𝑡)      (21)   

                                                               

𝑋𝑐
(𝑡) = 𝑘. ℎ𝑠𝑖𝑛 (

𝜋𝑣𝑡

𝑑
) + 𝑐. ℎ (

𝜋𝑡

𝑑
) 𝑐𝑜𝑠 (

𝜋𝑣𝑡

𝑑
)   (22) 

 

The input parameters from Proton Preve car model 

were utilized and substituted into Equation (22) 

yielded as 

𝑋𝑐
(𝑡) = 𝛼𝑐𝑜𝑠(7𝜋𝑡) + 𝛾𝑠𝑖𝑛(7𝜋𝑡)  (23) 

    

where  𝛼 = 𝑐. ℎ (
𝜋𝑡

𝑑
) and 𝛾 = 𝑘. ℎ 

Equations (23) was differentiated and showed as  

 

𝑋�̇�
(𝑡) = 7𝜋𝛾𝑐𝑜𝑠(7𝜋𝑡) − 7𝛼𝑠𝑖𝑛 (7𝜋𝑡)  (24) 

 

and 

𝑋�̈�
(𝑡) = −49𝜋 2𝛼𝑐𝑜𝑠(7𝜋𝑡) − 49𝜋 2𝛾𝑠𝑖𝑛(7𝜋𝑡) (25) 

 

Equations (23), (24) and (25) were substituted into 

Equation (17) to have 

290[−49𝜋𝛼𝑐𝑜𝑠(7𝜋𝑡) − 49𝜋𝛾𝑠𝑖𝑛 (7𝜋𝑡) ]

+ 1000[7𝜋𝛾𝑐𝑜𝑠(7𝜋𝑡)  
− 7𝜋𝛼𝑠𝑖𝑛(7𝜋𝑡)]

+                16812[𝛼 cos(7𝜋𝑡)

+ 𝛾 sin(7𝜋𝑡)]

= 1681.2𝑠𝑖𝑛 (7𝜋𝑡)

+ 700𝜋𝑐𝑜𝑠 (7𝜋𝑡)    
     (26) 

Equation (26) was solved to obtain α and γ such as  

 

−107992.92𝛾 − 26389.38𝛼 = 2500   (27) 

Therefore, 𝛼 = −0.0196 and  𝛾 = −0.0101  

                                             

α and γ values were substituted into Equation (23) 

produced as 

𝑋𝑐 (𝑡) = −0.0196(7𝜋𝑡) − 0.0101𝑠𝑖𝑛 (7𝜋𝑡)  (28) 

 

Equations (28) and (20) were substituted into 

Equation (16) to have 

  

   

      (29) 

The following initial conditions were applied to 

determine  and : 

&    (30) 

Thus, 

 &     (31)  

 

a and b values were substituted into Equation (29) 

depicted as 

                              

 

      (32) 

4.Results  
The main focus of the study was the measurement of 

the displacement denoted by  x(t). x(t) was continued 

by plotting a graph using Matlab Software. For the 

validation process, the data from the model 

experimental work for quarter car model was 

employed. 

 

Figure 5 shows the oscillation, x(t) of the car body’s 

from the experimental work indicated by the blue line 

and the oscillation, x(t) of the car body’s from the 

mathematical modelling indicated by the red-dotted 

line. Table 1 indicates the results for x(t) in meter 

with time (t) in second for the experimental work and 

the mathematical modelling.  
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Figure 5 x(t) Between mathematical modelling and experimental work 

 

Table 1 x(t) With t between mathematical modelling and experimental work 
                   x(t)(m) 
      t(s) 

Experimental work Mathematical modelling 

0 0 0 

0.25 0 0 

0.50 0.005 0 

0.75 -0.002 0 

1.00 0 0 

1.25 -0.015 -0.015 

1.50 0.005 0.005 

1.75 -0.002 -0.002 

2.00 0.020 0 

2.25 0.010 0.015 

2.50 0 0 

2.75 -0.004 -0.003 

3.00 0.004 0.003 

3.25 -0.030 -0.001 

3.50 0.010 0.001 

3.75 -0.005 0 

4.00 0 0 

Mean -0.00024 0.000176 

 

From the Table 1, the maximum x(t) obtained from 

the experimental work was 0.02 m and -0.03 m with 

the minimum x(t). For a Mathematical modelling, the 

maximum x(t) was 0.015 m while the minimum value 

was at -0.015 m. The mathematical modelling was 

showed that when starting at t = 2s, the stability 

region of the graph pattern was achieved and this 

finding was also supported by another finding using 

Ford Scorpio car model as shown in Figure 6. The 

graph shows that the consistency level at 𝑡 = 2𝑠  is 

similar as shown in the mathematical modelling. 
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Figure 6 x(t) For Ford Scorpio car model 

 

5.Discussion 
𝑥(𝑡) was a vertical displacement of the car body 

above to its equilibrium position represented by 

Proton Preve. Due to the model, 𝑥(𝑡) was the 

difference movement between the car body and the 

wheel. The reduction in 𝑥(𝑡) defined the car ride 

comfort was increasing significantly. The maximum 

displacement on the graphs was showed the spring of 

the car was expanding while the minimum value of 

the displacement was showed the spring was 

shrinking.  These responses were occurred due to the 

spring was utilized to stabilize the car’s body. For the 

stability region, both graphs were showed at t = 4 s 

where the systems were achieved the stabilization. 

The dispersion models namely, the standard deviation 

and mean were employed to evaluate the data 

accuracy either convergent or divergent type and also 

to find out the stability of the data. A small value for 

the standard deviation was indicated that the value 

tended to be close to the mean [24]. In this study, the 

standard deviation produced by the experimental 

work was 0.01 while the standard deviation from the 

mathematical modelling was 0.005. Therefore, the 

value from the mathematical modelling was smaller 

than the experimental work. All the 𝑥(𝑡) produced by 

the mathematical modelling therefore, were tended to 

be closer to its mean which was 0.000176 (almost 

zero). When the zero 𝑥(𝑡) was achieved, less-

vibrations were also happened. Therefore, the 

mathematical modelling had some potentials to be 

further explored in the future since the model reduced 

or controlled the vibration. Thus, the modelling had a 

good suspension system which can absorb the road 

impacts rapidly on the different road profiles. The 

modelling was also returned to its normal position 

while maintaining the contact between the tyres and 

the road surface. There were severe limitations of the 

study such as the similar parameters were used for 

the mathematical modelling and experimental work. 

This was due to remain the model accuracy when 

comparing both models. The accurate results were 

highly required for the study. Meanwhile, the study 

was applied a quarter car model for Proton Preve 

suspension systems became a pilot study however, a 

full car model of the suspension system will be 

considered for the future studies.  

 

A complete list of abbreviations is shown in 

Appendix I. 

 

6.Conclusion and future work 
In the study, the mathematical modelling of the 

double passive suspension systems has been 

successfully developed and simulated for a quarter of 

Proton Preve car model. This modelling was 

formulated using the second-order differential 

equation and was analysed by plotting a graph and 

through the dispersion model. For the modelling 

accuracy, the suspension travel limit of the car’s 

displacement and the stability of the system were 

validated using the data from the experimental work. 

The results were showed that the behaviour for the 

displacements produced from the mathematical 

model and the experimental work were identical.  

Less-vibration was happened when the zero 

displacement was produced by the mathematical 

modelling. Therefore, the mathematical modelling 

has been proven that the model can act as an 

important role to represent a passive model in Proton 

Preve car model and for future prediction in other 

applications. 
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For a future study, a double Magneto-Rheological 

(MR) suspension systems using the Modified Bouc-

Wen model will be suggested and applied for a full 

car model.  It would be more interesting to assess the 

greater results in the stability and the comfort of the 

car system using the suggestion. 
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Appendix 1 

S. No. Abbreviation Description 

1 ROVOP 
Rotating Square Evolutionary 

Operation 

2 x(t) Vertical Displacement  
3 t  T ime 

4 MR Magneto-Rheological 
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