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1.Introduction 
Artificial neural networks are extensively employed in 

numerous fields, including intelligent data processing, 

pattern identification, feature extraction, and more [1–

3]. For feedforward neural networks (FFNN), a 

popular learning algorithm is backpropagation (BP) 

[4, 5], which has since been widely used in neural 

network training. Gradient descent training (GDT), an 

optimization algorithm, minimizes the loss function 

[6], while BP computes the gradients of the loss 

function in relation to the model parameters. BP 

algorithm is a key component of GDT, as it provides 

the gradients requisited to update the model 

parameters. There are two main and widely used 

modes for implementing the GDT algorithm: the batch 

approach and the online method. In batch learning, the 

typical gradient approach refers to adjusting the 

weights of networks once, after the training samples 

have been presented in their entirety. 

 

 
*Author for correspondence 

Nonetheless, incremental learning is a variant of the 

conventional gradient approach, which modifies the 

weights once following the display of every training 

sample [7]. For FFNN training, GDT is a well-liked 

and straightforward learning technique. A few 

deterministic convergence findings for neural network 

gradient algorithms, both batch and online, have been 

proven in previous studies [8, 9]. 

 

Overfitting is the most common problem that disturbs 

networks during training. Overfitting occurs when the 

function class grows reasonably larger than the dataset 

[10] or the variables are inconsistent. There are many 

methods used to avoid this phenomenon, including 

regularization [11], pruning [12], early stopping [13], 

data augmentation [14], and ensembling [15]. In 

general, regularization is an effective strategy that can 

boost stability, encourage feature sharing, and lessen 

overfitting to dramatically enhance model 

performance. Other forms of regularization include 

weight decay [16], matrix regularization [17], and 

weight elimination [18]. 
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Generally, a 𝐿𝜏 (0 ≤ τ ≤ 2) regularizer can be defined 

as in Equation 1: 

𝐸(𝜃) = 𝐸̃(𝜃) + 𝜆‖𝜃‖𝜏
𝜏   (1) 

 

A vector called 𝑤 represents each weight in the 

network, λ > 0 is the regularization coefficient,  ‖θ‖τ  

is the τ-norm of vector 𝜃 = (𝜃1, ⋯ , 𝜃𝑛) and  

‖𝜃‖𝜏 ≔ (∑|𝜃𝑖|
𝜏

𝑛

𝑖=1

)

1
𝜏⁄

 

 

The regularization terms 𝐿0, 𝐿1/2, 𝐿1, and 𝐿2 norms are 

correspondingly on the τ-value. The 𝐿𝜏 (0 ≤ τ ≤ 1) 

regularization can only generate spare solutions [19–

21]. 𝐿0 regularization has been used for high-

dimensional regression with corrupted data [22] and 

for large-scale data [23]. 𝐿0 regularization is an NP-

hard optimization, because the 𝐿0 norm is non-

differential. In order to get around these problems, 

FFNNs, and extreme learning machines, respectively, 

employed a smoothing 𝐿0 regularization [24, 25]. An 

𝐿1/2 regularizer was proposed in [21] which is a 

nonconvex penalty. The results of the studies indicate 

that weight elimination and weight decay are not as 

effective at pruning as 𝐿1/2 penalty. Smoothing 𝐿1/2 

regularization is a popular way to acquire a decent 

generalization for a trained network by adding a 

smoothing function to the standard 𝐿1/2 regularization 

method [26–28]. The absolute value of the coefficient 

is added as a penalty term in 𝐿1 regularization. 

Although less sparse, the 𝐿1 regularizer suggested in 

[29] is simpler to solve. 𝐿1 regularization has also been 

proposed in [30] for federated learning. It is also 

utilized for electrical impedance tomography [31].  

Since, 𝐿1 regularization is not diffrerentble and the 

gradient method cannot directly used. This results is 

difficulty in theoretical investigation and may lead to 

poor convergence in computational application. In 

[32], a novel method was developed to prune FFNNs 

by modifying the usual 𝐿1 regularization term using a 

smoothing technique. A regularizer for FFNN prune is 

commonly used for weight elimination in order to 

discourage the use of unnecessary connections. A term 

symmetrical to the 𝐿2 norm of the weight vectors is 

one of the easiest penalties to add to the conventional 

cost function [33–35]. Its purpose is to deter the 

weights from taking excessive values. When training 

the FFNNs with the online gradient technique with 𝐿2 

regularization penalty, weights are automatically 

constrained [36, 37]. Referring to the Equation 1 the 

weights at time step 𝑡 are altered in accordance with 

the steepest descent procedure, which is the most basic 

gradient descent algorithm as shown in Equation 2. 

𝛥𝜃𝑡 = −𝜂𝛻𝜃𝐸(𝜃𝑡)   (2) 

 

where ∇θ is the gradient operator with respect to the 

weights and 𝜂 is a little positive value known as the 

learning rate. It is well knowledge that learning 

programs can go quite slowly. A momentum term is 

commonly included in simulations of connectionist 

learning algorithms. Researchers discovered in [38] 

that the addition of a momentum component 

significantly raises the rate of convergence, despite the 

fact that it is commonly known that such a term 

significantly accelerates learning. Equation 2 becomes 

Equation 3 using this procedure. 

𝛥𝜃𝑡 = −𝜂𝛻𝜃𝐸(𝜃𝑡) + 𝜇𝛥𝜃𝑡−1  (3) 

 

where 𝜇 is the momentum parameter. Frequently, add 

a momentum term to the weight increment formula to 

accelerate and stabilize the gradient method training 

iterations [39–41]. 

 

In this case, the current weight updating increment is 

determined by combining the previous weight 

updating increment with the error function's current 

gradient. Numerous scholars have expanded the 

applicability of momentum theory and developed it; 

see, for example, [42–44]. As a novel method, BP 

algorithms with adaptive momentum are provided in 

[45–47]. In [48], a novel method for dynamically 

choosing the momentum coefficient was given. 

Iteratively adjusting the momentum coefficient is done 

by taking the inner product of the last weight 

increment and the current direction of descent. 𝐿1 

regularization with momentum is utterly absent from 

machine learning literature, particularly when it comes 

to learning neural networks. Filling this gap is one of 

the key goals of this paper. Examining the batch 

gradient training method's deterministic convergence 

with both a momentum component and a smoothing 

𝐿1 regularization term is the aim of this paper. For 

simplicity's sake, a three-layer FFNN is considered 

here, with relatively simple values assigned to the 

parameters: the learning rate is a positive constant, the 

momentum coefficient is an adaptive variable, and 

both the regularization factor and smoothing 

parameter are positive constants. Enough criteria are 

provided to ensure that this novel algorithm converges 

both weakly and strongly.  

 

Section 2 offers an overview of the relevant literature 

on the subject. In section 3, the learning algorithm 

approach, algorithm description, learning parameters, 

batch gradient-based smoothing 𝐿1 regularization via 

adaptive momentum, network structure, proposition 

and theorem, and data analysis are covered. The 

https://www.tandfonline.com/doi/abs/10.1080/03610926.2022.2076125?casa_token=aSoNdQ9p43wAAAAA:PWqtdsxSdZ7t8xImuXoH04N_LiFjk0qySp93IvpDKzvuvTXIML8Mm4ky5C-t7b0rXbMSHHPI1nEi
https://www.tandfonline.com/doi/abs/10.1080/03610926.2022.2076125?casa_token=aSoNdQ9p43wAAAAA:PWqtdsxSdZ7t8xImuXoH04N_LiFjk0qySp93IvpDKzvuvTXIML8Mm4ky5C-t7b0rXbMSHHPI1nEi
https://www.sciencedirect.com/science/article/pii/S0031320323007215
https://www.sciencedirect.com/science/article/pii/S0307904X11004537
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experimental research and interpretation of the 

findings are presented in section 4. The analysis of the 

findings and their interpretation is covered in section 

5. The paper finally comes to a close in section 6.  

 

2.Literature review 
In the literature, most previous studies dealt with 

regularization or momentum term. Very few studies 

combined regularization with momentum term. Zhang 

et al. [49] implemented an adaptive momentum and 

inner-product penalty based on online gradient method 

for FFNNs. Both two-layer and three-layer neural 

network models are looked at, with the assumption 

that the training samples are changed randomly in each 

cycle of iteration. Zhang et al. [50] presented a split-

complex back-propagation algorithm with momentum 

and penalties for training a complex-valued neural 

network. The algorithm uses momentum to accelerate 

its convergence, while penalties regulate the 

magnitude of the network weights. Under this 

condition, demonstrate the theoretical proof of the 

network weights remaining bounded throughout the 

training process. In their study, Fan et al. [51] 

presented novel theoretical findings on the BP 

algorithm. They focused on FFNNs with a single 

hidden layer and explored the impact of smoothing 

regularization and adaptive momentum. Their 

research revealed that the gradient of the error function 

tends to decrease to zero, leading to a stabilization of 

the weight sequence. In their study, Kang et al. [52] 

utilized adaptive momentum and smoothing group 

lasso regularization techniques to showcase a fast and 

effective method for training a Sigma-Pi-Sigma neural 

network. With the addition of an adaptive momentum 

term, the learning convergence is accelerated during 

the iteration process. From a group perspective, it is 

evident that group sparsity highlights the advantage of 

maintaining a sparse network structure. Analyzing the 

theoretical results is a significant contribution. 

Researchers Fan et al. [53] recently investigated the 

sparse-response feed-forward algorithm for training 

pi-sigma neural network inference models. This 

approach employs gradient descent and integrates a 

self-adaptive momentum term and a group lasso 

regularizer to improve its performance. 

The primary objective of this research is to improve 

the traditional group lasso regularization term by 

integrating a smoothing technique at its origin. 

 

By employing this procedure, it is possible to get 

neural networks that possess both sparsity and 

efficiency, along with a comprehensive theoretical 

examination of the technique. Additionally, the 

iteration process incorporates an adaptive momentum 

term to enhance the network's learning speed. As well 

as the overparametrized models' implicit 

regularization of momentum gradient descent covered 

in [54, 55].  Lasso's outstanding performance led to its 

rapid development into a wide variety of models. In 

[33] exploited neural networks with smoothed 𝐿1 

regularization to achieve maximally sparse networks 

with minimal performance degradation. However, no 

one has yet proposed such a successful acceleration 

technique for smoothing 𝐿1  regularization with 

adaptive momentum. To do this, this paper looks into 

how fast batch gradient training-based smoothing  𝐿1 

regularization works with adaptive momentum for 

FFNN. The algorithm uses momentum to accelerate its 

convergence, while regularization regulates the 

magnitude of the network weights. 

  

3.Methodology 
3.1Neural network structure (FFNN) 

Three different types of layers make up the 

architecture of an FFNN: output, hidden, and input. A 

three-layer FFNN is considered. This network's 

architecture consists of one output layer, 𝑀 input units, 

and 𝑁 hidden units. The transfer function for the 

hidden and output layers is denoted as ℎ ∶ 𝑅 →  R. 

Generally, although not invariably, this is a sigmoid 

function. Let 𝓌0 = (𝓌01, 𝓌02, . . . , 𝓌0𝑁)𝑇 ∈
𝑅𝑁(𝑛 =  1,2, . . . , 𝑁)  

 

represent the weight vector connecting the hidden 

layers to the output layer. The weight vector 𝓌𝑙 =
(𝓌𝑙1, 𝓌𝑙2, . . . , 𝓌𝑙𝑀)𝑇 ∈ 𝑅𝑀(𝑚 =  1,2, . . . , 𝑀)  

 

represents the connections between each input layer 

and the hidden layer. The weight factors are stated in 

a concise manner, denoted as 𝒲 =
 (𝓌0

𝑇 , 𝓌0
𝑇 , . . . , 𝓌𝑁

𝑇) ∈ 𝑅𝑁+𝑀𝑁, for the purpose of 

classifying the offer. The specific matrix U, denoted as 

(𝓌1, 𝓌2, . . . , 𝓌𝑁)𝑇 and belonging to the set of real 

numbers 𝑅𝑀×𝑁, was taken into account. Subsequently, 

Equation 4 establishes the definition of a vector 

function. 

Η(x) = (h(x1), h(x2), . . . , h(xM))T  (4) 

 

Here, 𝑯: 𝑹𝑵 → 𝑹𝑴, for 𝒙 = (𝒙𝟏, 𝒙𝟐, . . . , 𝒙𝑴)𝑻 ∈ 𝑹𝑴. 

For any given input 𝝃 ∈ 𝑹𝑵. The hidden neuron's 

output is 𝑯(𝑼 𝝃), while the network's final output is 

shown in Equation 5. 

y = h(𝓌0 · Η(U ξ))   (5) 
 

The expression 𝔀𝟎 · 𝑯(𝑼𝝃𝒍) denotes the inner 

product of the vectors 𝔀𝟎 and 𝑯(𝑼𝝃𝒍). 
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3.2.Batch gradient training based smoothing 𝑳𝟏 

regularizer via adaptive momentum 

(BGTS𝑳𝟏AM) 
3.2.1.Modified error function based 𝑳𝟏 regularizer via 

adaptive momentum (BGT𝑳𝟏AM) 

The training set consists of pairs of input-output 

examples, denoted as {𝜉𝑙 , 𝑂𝑙}𝑙=1
𝐿 ⊂  𝑅𝑀 × 𝑅, where 𝝃𝒍 

represents the input and 𝑂𝑙 represents the desired 

output. Many of the regularization terms have 

exponential increase in weights which makes to 

increase the order of the network. The regular error 

function 𝓒(𝒲) with 𝐿1 regularization as shown in 

Equation 6.  

𝒞(𝒲) =
1

2
∑ [𝑂𝑙 − ℎ (𝓌0 ∙ 𝛨(𝑈𝜉𝑙))]

2𝐿

𝑙=1
 

+𝜆 ∑ ∑ |𝓌𝑛𝑚|
𝑀

𝑚=1

𝑁

𝑛=1
 

= ∑ ℎ𝑙
𝐿
𝑙=1 (𝓌0 ∙ 𝛨(𝑈𝜉𝑙)) + 𝜆 ∑ ∑ |𝓌𝑛𝑚|𝑀

𝑚=1
𝑁
𝑛=1   

     (6)  

The function 𝒉𝒍(𝒕) is defined as 𝟏

𝟐
(𝑶𝒍 − 𝒉𝒍(𝒕))𝟐, 

where 𝒉𝒍
′(𝒕) is also defined as (𝑶𝒍 − 𝒉𝒍(𝒕))𝒉′(𝒕). The 

values of 𝒍 range from 1 to 𝐿, and t belongs to the set 

of real numbers. 𝜆 is the regularization coefficient, and 

| ∙ | represents the absolute value of the weights. 

Equation 7 displays the gradient of the error function 

mentioned earlier.  

𝒞𝓌(𝒲) =

(𝒞𝓌0
𝑇 (𝒲), 𝒞𝓌1

𝑇 (𝒲) , 𝒞𝓌2
𝑇 (𝒲), ⋯ , 𝒞𝓌𝑁

𝑇 (𝒲))
𝑇

 (7) 

where 

𝒞𝓌0
𝑇 (𝒲) = (𝒞10(𝒲), 𝒞20(𝒲), ⋯ , 𝒞𝑁0(𝒲))

𝑇

𝒞𝓌1
𝑇 (𝒲) = (𝒞11(𝒲), 𝒞12(𝒲), ⋯ , 𝒞1𝑀(𝒲))

𝑇

𝒞𝓌2
𝑇 (𝒲) = (𝒞21(𝒲), 𝒞22(𝒲), ⋯ , 𝒞2𝑀(𝒲))

𝑇

⋯

𝒞𝓌𝑀
𝑇 (𝒲) = (𝒞𝑁1(𝒲) , 𝒞𝑁2(𝒲), ⋯ , 𝒞𝑁𝑀(𝒲))

𝑇

 

  

The gradient of 𝓒𝔀(𝓦) in Equation 7 with estimate 

to 𝔀𝒏𝟎 and 𝔀𝒏𝒎 (𝒏 =  𝟏, 𝟐, . . . , 𝑵, 𝒎 =
 𝟏, 𝟐, . . . , 𝑴) are given, respectively, by Equation 8 and 

9.  

𝒞𝓌𝑛0
(𝒲) = ∑ ℎ𝑙

′(𝓌0 ∙ 𝛨(𝑈𝜉𝑙))
𝐿

𝑙=1
  

× ℎ(𝓌𝑛𝜉𝑙) + 𝜆𝑠𝑔𝑛(𝓌𝑛0)   (8) 

 

𝓒𝔀𝒏𝒎
(𝓦) = ∑ 𝒉𝒍

′ (𝔀𝟎 ∙ 𝜢(𝑼𝝃𝒍))
𝑳

𝒍=𝟏
𝔀𝒏𝟎   

× ℎ′(𝓌𝑙 ∙ 𝜉𝑙)𝜉𝑚
𝑙 + 𝜆𝑠𝑔𝑛(𝓌𝑛𝑚)  (9) 

   

 

Momentum is a vector quantity that has both 

magnitude and direction. Even though momentum has 

a direction, it can be used to forecast the orientation 

and rate of motion of objects after a collision. Below 

is a one-dimensional description of the fundamental 

characteristics of momentum. The detailed of 

proposed method is presented as follows. The error 

function 𝒞(𝒲𝒌) with 𝐿1 regularization weights {𝒲k} 

is updated iteratively starting from an initial value 𝒲𝟎 

using Equations 10 and 11, given the initial values 𝒲0 

and 𝒲1. 

𝒲𝒌+𝟏 = 𝒲𝒌 + ∆𝒲𝒌,     𝑘 = 0,1,2,  (10) 

∆𝒲𝑘 = −𝜂𝓒𝓌(𝒲𝑘),           𝑘 = 0,1,2, (11) 

and error function 𝒞(𝒲𝒌) with 𝐿1 regularization and 

adaptive momentum weights {𝒲k}   updated 

iteratively by Equation 12. 

∆𝒲𝑘 = −𝜂𝒞𝓌(𝒲𝑘) + 𝓇𝓌
𝑘 ∆𝒲𝑘−1, 𝑘 = 0,1,2, (12) 

   

where 𝜼 > 𝟎 the learning is rate, and 𝓻𝔀
𝒌 =

(𝓻𝔀𝟎
𝒌 , 𝓻𝔀𝟏

𝒌 , ⋯ , 𝓻𝔀𝑵
𝒌 ) represented the 𝒌 − 𝒕𝒉 

training's momentum coefficient vector. It is 

composed of 𝓻𝔀𝒏
𝒌  coefficients for every. It consists of 

coefficients 𝓻𝔀𝒏
𝒌  for each ∆𝔀𝒏𝒎

𝒌  (𝒏 = 𝟏, 𝟐, ⋯ , 𝑵,

𝒎 = 𝟏, 𝟐, ⋯ , 𝑴 ) for each ∆𝔀𝒏𝟎
𝒌  (𝒏 = 𝟏, 𝟐, ⋯ , 𝑵) 

and ∆𝔀𝒏𝒎
𝒌 it is adjusted after each training epoch by 

Equation 13.  

𝓇𝓌𝑛
𝑘 =

{
𝓇 ∙

−𝜂𝒞𝓌𝑛(𝒲𝑘)∙∆𝓌𝑛
𝑘

‖∆𝓌𝑛
𝑘−1‖

2 ,     𝑖𝑓 𝒞𝓌𝑛
(𝒲𝑘) ∙ ∆𝓌𝑛

𝑘 < 0     

  0,                                              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                              
     (13) 

where momentum factor 𝓇 ∈ (0,1). 
3.2.2. BGTS𝑳𝟏AM Algorithm 

Due to the presence of the absolute value in Equation 

6, the optimization problem becomes difficult to solve. 

Consequently, the GDT cannot be efficiently applied 

to reduce this type of optimization problem. A unique 

training technique was proposed to address the 

challenges of calculating the gradients of the 𝐿1 

regularizer by smoothing the non-differential penalty 

at the origin. Equation 14 can be used to modify the 

error function 𝐸(𝒲) with 𝐿1 regularization 

smoothing. 

𝐸(𝒲) =
1

2
∑ [𝑂𝑙 − ℎ(𝓌0 ∙ Η(𝑈𝜉𝑙))]

2
+𝐿

𝑙=1

𝜆 ∑ ∑ 𝑓(𝓌𝑛𝑚)𝑀
𝑚=1

𝑁
𝑛=1 = ∑ ℎ𝑙

𝐿
𝑙=1 (𝓌0 ∙ Η(𝑈𝜉𝑙)) +

𝜆 ∑ ∑ 𝑓(𝓌𝑛𝑚)𝑀
𝑚=1

𝑁
𝑛=1    (14) 

where any continuous and differentiable function is 

represented by 𝑓(𝑥). The incrementally polynomial 

function that follows is designated as in Equation 15: 
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𝑓(𝑥) = {
|𝑥|   𝑖𝑓 |𝑥| ≥ 𝛾

−
𝑥4

8𝛾3 +
3𝑥2

4𝛾
+

3

8
𝛾 , 𝑖𝑓 |𝑥| < 𝛾,

 (15) 

where an appropriate smoothing fixed, 𝛾 is utilized. 

Next, Equation 13 is gradient is provided via Equation 

16: 

𝑓(𝑥) → [
3

8
𝛾, +∞), 𝑓′(𝑥) → [−1, 1], 𝑓′′(𝑥) → [0,

3

2𝛾
]  

     (16) 

Then gradient of Equation 13 is 𝑬𝔀(𝓦) with 

assessment to 𝔀𝒏𝟎 and 𝔀𝒏𝒎(𝒏 =  𝟏, 𝟐, . . . , 𝑵, 𝒎 =
 𝟏, 𝟐, . . . , 𝑴) are given, respectively, by Equation 17 

and 18. 

𝐸𝓌𝑛0
(𝒲) = ∑ ℎ𝑙

′ (𝓌0 ∙ 𝛨(𝑈𝜉𝑙))
𝐿

𝑙=1
 

× ℎ(𝓌𝑛𝜉𝑙) + 𝜆𝑓′(𝓌𝑛0)    (17) 

 

𝑬𝔀𝒏𝒎
(𝓦) = ∑ 𝒉𝒍

′ (𝔀𝟎 ∙ 𝜢(𝑼𝝃𝒍))
𝑳

𝒍=𝟏
𝔀𝒏𝟎 

 × 𝒉′(𝔀𝒍 ∙ 𝝃𝒍)𝝃𝒎
𝒍 + 𝝀𝒇′(𝔀𝒏𝒎)     (18) 

 

by an premier given 𝒲𝟎 and 𝒲𝟏, error function 

𝐸(𝒲𝑘) with smoothing 𝐿1 regularization weights 

{𝒲k}   updated frequently beginning from an premier 

value 𝒲0  by Equations 19 and 20. 

 

𝒲𝒌+𝟏 = 𝒲𝒌 + ∆𝒲𝒌,    𝑘 = 0,1,2,  (19) 

 

∆𝒲𝑘 = −𝜂𝐸𝓌(𝒲𝑘),           𝑘 = 0,1,2, (20) 

and error function 𝐸(𝒲𝑘) based smoothing 𝐿1 

regularization with adaptive momentum 

(BGTS𝐿1AM) weights {𝒲k}   updated frequently 

using Equation 21. 

 

∆𝒲𝑘 = −𝜂𝐸𝓌(𝒲𝑘) + 𝓇𝓌
𝑘 ∆𝒲𝑘−1, 𝑘 = 0,1,2, (21) 

where 𝜼 > 𝟎 the learning is rate. The momentum 

coefficient vector of the k-th training is represented by 

the term denoted by 𝓻𝔀
𝒌 = (𝓻𝔀𝟎

𝒌 , 𝓻𝔀𝟏
𝒌 , ⋯ , 𝓻𝔀𝑵

𝒌 . It 

consists of coefficients 𝓻𝔀𝐧
𝐤  for each ∆𝔀𝒏𝒎

𝒌  (𝒏 =

𝟏, 𝟐, ⋯ , 𝑵, 𝒎 = 𝟏, 𝟐, ⋯ , 𝑴 ) for every ∆𝔀𝒏𝟎
𝒌  (𝒏 =

𝟏, 𝟐, ⋯ , 𝑵) and ∆𝔀𝐧𝐦
𝐤  it is amendment after each 

training period by Equation 22.  

𝓇𝓌𝑛
𝑘 =

{

−𝜂𝐸𝓌𝑛(𝒲𝑘)𝓇∆𝓌𝑛
𝑘

‖∆𝓌𝑛
𝑘−1‖

2 ,   𝑖𝑓 𝐸𝓌𝑛
(𝒲𝑘)∆𝓌𝑛

𝑘 < 0     

  0,                                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                              

 

     (22) 

where momentum factor 𝓇 ∈ (0,1).  

 

3.3.Proposition and theorem  

Equations 19 and 21 present the convergence theorems 

of the BGTS𝐿1AM in this section. Appendix II 

provides the proofs. The following conditions are 

sufficient for convergence: 

Proposition 1 Let |ℎ(𝑡)|, |ℎ′(𝑡)|, |ℎ(𝑡)|, |ℎ′′(𝑡)| and 

|𝑓(𝑡)|, |𝑓′(𝑡)| and |𝑓′′(𝑡)| for t ∈ R, they are 

uniformly bounded such as 

Proposition 2 There exists a uniformly bounded 

like‖𝓌0
𝑘‖ (𝑘 = 0,1, ⋯ ) 

Proposition 3 The learning rate (𝜂) and penalty 

coefficient (𝜆) should satisfy the condition 0 < η <
1/(λM + C1)(1 + 𝓇)2, where 𝑀 is equal to 3/2𝛾 and 

C1 is a constant defined in Equation 23. 

Proposition 4   The set  Θ = {𝒲|𝐸𝓌(𝒲) = 0} has 

definitive points. 

Then there are some positive constants such that 

𝐶1 = 𝐶7 + 𝐶8 + 𝐶9,      

 𝐶2 = 𝑚𝑎 𝑥{√𝑁𝐶3, (𝐶3𝐶4)2} 

 𝐶3 = 𝑚𝑎𝑥 {

𝑠𝑢𝑝
𝑡∈ℝ

|ℎ(𝑡)| , 𝑠𝑢𝑝
𝑡∈ℝ

|ℎ′(𝑡)|, 𝑠𝑢𝑝
𝑡∈ℝ

|ℎ′′(𝑡)| ,

𝑠𝑢𝑝
𝑡∈ℝ,1≤𝑙≤𝐿

|ℎ𝑗
′(𝑡)| , 𝑠𝑢𝑝

𝑡∈ℝ,1≤𝑙≤𝐿
|ℎ𝑗

′′(𝑡)|
}, 

 𝐶4 = 𝑚𝑖𝑛
1≤𝑙≤𝐿

‖𝜉𝑙‖,   
 𝐶5 = 𝑠𝑢𝑝

𝑘∈ℕ
‖𝓌0

𝑘‖, 
 𝐶6 = 𝐶2𝑚𝑎𝑥{𝐶2

2, 𝐶5
2} 

𝐶7 = 𝐽𝐶6(1 + 𝐶2),       
 𝐶8 =

1

2
𝐽(1 + 𝐶2)𝐶3, 

𝐶9 =
1

2
𝐿𝐽𝐶3

2𝐶4
2𝐶5.     (23) 

Theorem 1 Assume that the weight sequence {𝒲𝑘} is 

produced for any initial value 𝒲0 and 𝒲1 by the new 

BGTSL1AM method, Equation 21, that the error 

function 𝐸(𝒲) has been established by Equation 14, 

and that the propositions 1–3 are true. The outcome of 

weak convergence is as follows: 

𝑙𝑖𝑚
𝑘→∞

‖𝐸𝔀(𝒲𝑘)‖ = 0 

Moreover, if premise 4 is also valid, then there is a 

strong convergence, meaning that there exists 𝒲𝑘 ∈
Θ such that  

𝑙𝑖𝑚
𝑘→∞

𝒲𝑘 = 𝒲∗ 

 

3.4.How does gradient descent work? 

The GDT process involves two steps: calculating the 

training direction and determining an appropriate 

training rate. The algorithm evaluates performance by 

determining the derivative from the initial point and 

utilizing a tangent line to gauge the slope. As new 

parameters are generated, the steepness of the initial 

slope decreases until it reaches the point of 

convergence. The target of gradient descent is to 

minimize the cost function, or error between 

anticipated and actual values of the output. Two data 

points are necessary: a direction and a learning rate.  
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These elements determine the partial derivative 

computations of future iterations, enabling the process 

to approach the local or global minimum. 

 

3.5.Algorithm description 

In order to determine whether a specific neuron in the 

hidden cells undergoes training or is eliminated, the 

straightforward approach of calculating the norm of 

the combined unused weights from the neuron is used. 

The literature does not specify a threshold value for 

removing redundant neurons and redundant weighted 

connections from the first proposed neural network 

architecture. To determine the learning algorithm's 

sparsity, the number of weights with absolute values 

of ≤0.0099 and ≤0.01, respectively, was employed. 

The study's threshold value, randomly selected at 

0.00099, is lower than the thresholds previously 

established in the literature. For each of the two 

methods are carried out fifty trails performed. 

Algorithm 1 explain how the experiment is conducted. 

The learning rate (𝜼), regularization parameter (𝜆), 

and smoothing coefficient (𝛄) for each problem were 

chosen to be constants. 

 

Algorithm 1 Project of Batch gradient training-based Smoothing 𝐿1 regularization via adaptive momentum 

(BGTS𝐿1AM) 
Input Training set is given by {𝜉𝑙 , 𝑂𝑙}𝑙=1

𝐿 ⊂  𝑅𝑀 × 𝑅, the error function in Equation 13, Learning rate (𝜼), 

regularization parameter (𝜆), smoothing coefficient (γ)  

Initialization  Weight vectors 𝓌0
0 and 𝓌𝑛

0  randomly 

Training steps For 𝑘 = 1,2,3, ⋯ , 𝐾 Do 

Calculate the cost error function in Equation 14. 

Calculate the gradients in Equation 21. 

Update the weights 𝓌0
0 and 𝓌𝑛

0 by applying Equation 19. 

End   

4. Results 
This section displays the simulation results used to 

evaluate the effectiveness of the suggested 

BGTS𝐿1AM algorithm. In higher-order Gaussian 

function approximation and the 5-dimensional parity 

problem. Compared the performance of BGTS𝐿1AM 

with two typical regularization algorithms: batch 

gradient training-based smoothing 𝐿1/2 regularization 

via adaptive momentum (BGTS𝐿1/2AM) and batch 

gradient training-based 𝐿2 regularization via adaptive 

momentum (BGT𝐿2AM). Learning parameters play a 

crucial role in controlling the learning process. Before 

training a model, these parameters determine the 

algorithm's search for the optimal solution. Table 1 

carefully selects the learning parameters for both 

exams' examples. Table 2 presents the input samples 

for the 5-dimensional parity problem. 

  

4.1.Higher-order gaussian function approximation 

problem 

Gaussian functions are widely used in image 

processing to create Gaussian blurring and in statistics 

to characterize normal distributions. Higher- order 

Gaussian functions, like in Equation 24, are frequently 

employed in the formulation of Gaussian beams. By 

increasing the exponent's content to a power p, one can 

formulate a Gaussian function with a flat top and 

Gaussian fall-off in a more general way: 

𝑓(𝑥) = 𝐴 𝑒𝑥𝑝 (
−(𝑥−𝑥0)2

2𝜎𝑥
)

𝑝

, 𝑥 ∈  [−4, 4] (24) 

Table 3 lists the average error function, gradient norm, 

and average time across the five trails. Furthermore, to 

assess the accuracy of the three algorithms, present a 

representative performance from one of the five 

experiments. Figures 1 and 2 show the approximation 

error surfaces and norm of gradient, respectively, for 

each of the three algorithms, including BGTS𝐿1AM. 

The training results reveal that BGTS𝐿1AM 

outperforms BGT𝐿2AM and BGTS𝐿1/2AM, resulting 

in smaller errors and a more noticeable pruning time. 

Figures 1 and 2 show that BGTS𝐿1AM has better 

approximation performance than BGT𝐿2AM and 

BGTS𝐿1/2AM. In addition, as shown in Table 3, the 

BGTS𝐿1AM consumes time to complete the process, 

which means it is the fastest. 

 

Table 1 The numbers of parameters 

Learning methods Learning parameters Gaussian  

function 

5-bitparity 

BGT𝐿2AM η 

𝜆 

𝑟 

0.005 

0.002 

0.0006 

0.006 

0.003 

0.005 
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BGTS𝐿1/2AM η 

𝜆 

𝛾 

𝑟 

0.005 

0.002 

0.0006 

0.003 

0.006 

0.003 

0.0005 

0.005 

BGTS𝐿1AM η 

𝜆 

𝛾 

𝑟 

0.005 

0.002 

0.0006 

0.003 

0.006 

0.003 

0.0005 

0.005 

Network structure 2-6-1 6-10-1 

Weight size [−0.4,0.4] [−0.5,0.5] 

Max iteration 1400 800 

 

Table 2 Samples of 5-dimensional parity problem 
Input Output Input Output 

-1  1  1  1    1 -1 0  1  1  1  1  1 -1 1 

 1  1  1  1 -1 -1 0 -1  1  1  1 -1 -1 1 

 1 -1 -1 -1  1 -1 0 -1 -1 -1 -1  1 -1 1 

-1 -1 -1 -1 -1 -1 0  1 -1 -1 -1 -1 -1 1 

-1 -1  1 -1 -1 -1 1  1 -1  1 -1 -1 -1 0 

-1  1 -1  1  1 -1 1  1  1 -1  1  1 -1 0 

 1  1 -1 -1  1 -1 1 -1  1 -1 -1  1 -1 0 

 1 -1 -1 -1  1 -1 0 -1 -1 -1 -1  1 -1 1 

-1 -1  1  1  1 -1 1  1 -1  1  1  1 -1 0 

 1 -1  1  1 -1 -1 1 -1 -1  1  1 -1 -1 0 

-1  1 -1 -1  1 -1 0  1  1 -1 -1  1 -1 1 

 1  1 -1 -1 -1 -1 0 -1  1 -1 -1 -1 -1 1 

-1  1  1 -1 -1 -1 0  1  1  1 -1 -1 -1 1 

 1 -1 -1  1  1 -1 1 -1 -1 -1  1  1 -1 0 

 1 -1 -1 -1  1 -1 0 -1 -1 -1 -1  1 -1 1 

 1  1 -1 -1  1 -1 1 -1  1 -1 -1  1 -1 0 

 

Table 3 Results of the simulation for the Results of the simulation for the 5-bit parity classification problem 
Learning methods Average error function Average norm of gradient Average time (s) 

BGTS𝐿1AM 1.2296e-06 0.0040 4.498593 

BGTS𝐿1/2AM 9.4936e-06 0.0058 4.826789 

BGT𝐿2AM 2.0190e-06 0.0107 4.890718 

 

 
Figure 1 Comparative results of the error function for the Gaussian function problem 
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Figure 2 Comparative results of the norm of gradient for the Gaussian function problem 

 

4.2.K-dimensional parity problem 

The K-dimensional parity challenge is a widely 

recognized classification problem, whereas the XOR 

problem is a 2-dimensional parity problem. Perform 

numerical experiments on a 5-dimensional parity 

problem to illustrate the monotonicity and 

convergence of the suggested technique. Within the k-

dimensional vector space, there are a total of 2k input 

patterns. Based on the findings, it is evident that 

BGTS𝐿1AM outperforms both BGT𝐿2AM and 

BGTS𝐿1/2AM, as illustrated in Figures 3 and 4. The 

error function 𝐸(𝒲) and the norm of its gradient in 

BGTS𝐿1AM both exhibit a monotonically decreasing 

trend and converge to 0, aligning with the expected 

outcome stated in Theorem 1. Table 4 presents the 

mean errors and norms of training pattern gradients 

obtained from five tests for every teaching algorithm. 

Additionally, Table 4 displays the mean duration for 

the five assessments. The comparison provides strong 

evidence that BGTS𝐿1AM is superior in efficiency 

and possesses more resilient sparsity-promoting 

characteristics compared to BGT𝐿2AM and 

BGTS𝐿1/2AM. 

 

 
Figure 3 Comparative results of the error function for the 5-bit parity classification problem 

 

Table 4 Results of the simulation for the 5-bit parity classification problem 
Learning methods Average error function Average norm of gradient Average time (s) 

BGTS𝐿1AM 6.2432e-05 0.0199 3.507659 

BGTS𝐿1/2AM 7.1534e-05 0.0216 3.576783 

BGT𝐿2AM 6.7535e-05 0.0450 3.551802 



International Journal of Advanced Technology and Engineering Exploration, Vol 11(116)                                                                                                             

1013          

 

 
Figure 4 Comparative results of the norm of the gradient for the 5-bit parity classification problem 

 

5. Discussion 
The convincing comparison presented in [33] 

demonstrates that the 𝐿1 regularized smoothing 

method is more efficient and has better sparsity-

promoting properties compared to the 𝐿1/2 

regularized, 𝐿2 regularized, and other regularized 

methods. Furthermore, it outperforms all numerical 

results in terms of speed. 

 

This work builds on a previously demonstrated study 

in [33], utilizing an extension smoothing 𝐿1 

regularized method with adaptive momentum 

(BGTS𝐿1AM) to further control excessive weights 

and accelerate the process. Tables 3 and 4 display the 

results of the five trials. They compare the average 

error and the average norms of gradients for 

BGTS𝐿1AM, BGTS𝐿1/2AM, and BGT𝐿2AM. Table 3 

displays the results of the higher-order Gaussian 

function with the same parameters for all three 

algorithms. Table 4 displays the results of the 

5−dimensional parity problem with the same 

parameters for all three algorithms. Tables 3 and 4 

convincingly demonstrate that the BGTS𝐿1AM 

outperforms the BGTS𝐿1/2AM and BGT𝐿2AM in 

terms of efficiency and sparsity-promoting properties. 

In addition to that, Tables 3 and 4 show that the 

BGTS𝐿1AM is faster. Figures 1 to 4 display the 

convergence performance of BGTS𝐿1AM, 

BGTS𝐿1/2AM, and BGT𝐿2AM. Figures 1 and 3 show 

that the square error function goes down steadily until 

it becomes constant, and Figures 2 and 4 show that the 

gradient function tends to be zero. 

 

The complete list of abbreviations is shown in 

Appendix I. The theoretical outcome findings are 

shown in Appendix II. 

6. Conclusion and future work 
The batch gradient training approach for FFNN 

utilizing adaptive momentum through smoothing 𝐿1 

regularizer was examined. The outcomes were 

displayed for both strong and weak convergence: 

Strong convergence is shown in this instance as 𝒲𝑘 →
𝒲∗  as 𝑘 →  ∞ and the weak convergence is defined 

as ‖𝐸𝓌(𝒲𝑘)‖ → 0 as 𝑘 →  ∞. A further need is that 

the set of zero points of 𝐸𝓌(𝒲) is finite, where 𝒲∗ 

represents a local minimum point of 𝐸(𝒲). To 

validate our theoretical results, numerical examples 

are provided which demonstrate that BGTS𝐿1AM 

outperforms ordinary BGTS𝐿1/2AM, and BGT𝐿2AM 

in terms of generalization capability and convergence 

rate. As an alternative to batch gradient descent, which 

updates the dataset just once, mini-batch gradient 

descent (MBGD) splits the dataset into smaller batches 

and performs updates for each batch. That's the reason 

our upcoming research will focus on MBGD. Gradient 

boosting and artificial deep neural networks are two 

examples of sophisticated machine learning 

algorithms that hope to integrate with smoothing 

techniques to enhance the pruning of pi-sigma 

networks. It is anticipated that these advancements 

would lead to an increase in training and pruning 

neural network performance and efficiency. 
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Appendix I 
S.No. Abbreviation Description 

1 BP Backpropagation  

2 BGTSL1AM Batch Gradient Traning-Based Smoothing L1 Regularization Via Adaptive Momentum 

3 BGTSL1/2AM Batch Gradient Traning-Based Smoothing L1/2 Regularization Via Adaptive 

Momentum 

4 BGTL2AM Batch Gradient Traning-Based L2 Regularization Via Adaptive Momentum 

5 FFNN Feedforward Neural Networks  

6 GDT Gradient Descent Training 

7  MBGD Mini-Batch Gradient Descent 

 

Appendix II 
To facilitate explanation, we present the subsequent notations: 

 𝐻𝑘,𝑙 = 𝐻(𝑈𝑘𝜉𝑙) 

𝜓𝑘,𝑙 = 𝐻𝑘+1,𝑙 − 𝐻𝑘,𝑙 

𝛥𝓌𝑛
𝑘 = 𝓌𝑛

𝑘+1 − 𝓌𝑛
𝑘 ,   𝑓𝑜𝑟 𝑛 = 1,2, ⋯ , 𝑁 

𝛥𝓌0
𝑘 = 𝓌0

𝑘+1 − 𝓌0
𝑘           (25) 

As a result of using error function Equation 25, we have 

𝐸(𝒲𝑘+1) = ∑ ℎ𝑙
𝐿
𝑙=1 (𝓌0

𝑘+1 ∙ Η(𝑈𝑘+1𝜉𝑙)) + 𝜆 ∑ ∑ 𝑓(𝓌𝑛𝑚
𝑘+1)𝑀

𝑚=1
𝑁
𝑛=1      (26) 

 𝐸(𝒲𝑘) = ∑ ℎ𝑙
𝐿
𝑙=1 (𝓌0

𝑘 ∙ Η(𝑈𝑘𝜉𝑙)) + 𝜆 ∑ ∑ 𝑓(𝓌𝑛𝑚
𝑘 )𝑀

𝑚=1
𝑁
𝑛=1       (27) 

Regarding the deterministic convergence results mentioned above, let us say the following three lemmas: 

Lemma I. Assuming proposition 1 is true, and then there are 
(𝑎) ‖Η(𝑥)‖  ≤ 𝐶2 ,   ∀𝑥 ∈ 𝑅         (28) 

 (𝑏)   ‖𝜓𝑘,𝑙
‖

2
≤ 𝐶2 ∑ ‖𝛥𝓌𝑛

𝑘‖
2𝑁

𝑛=1 ≤  𝐶2𝜂2(1 + 𝓇)2 ∑ ‖𝐸𝓌𝑛
(𝒲𝑘

)‖
2

𝑁
𝑛=1   , 𝑙 = 1,2, ⋯ , 𝐿.      (29)  

  

Proof. By the proposition 1, Equation 18 and definition of  Η(𝑥). We have 

‖Η(𝑥)‖ = √ℎ2(𝓌1
𝑘𝜉𝑙) + ℎ2(𝓌2

𝑘𝜉𝑙) + ⋯ + ℎ2(𝓌𝑁
𝑘𝜉𝑙) 

≤ √𝐶3
2 + 𝐶3

2 + ⋯ + 𝐶3
2 ≤ √𝑁 𝑠𝑢𝑝

𝑡∈ℝ
|ℎ(𝑡)| ≤ 𝐶3√𝑁 ≤ 𝐶2      (30)  

        

This leads to obtain Inequality Equation 28. Similarly, by the proposition 1, Equation 20 and Lagrange mean value theorem of  ℎ𝑗(𝑡). We have 

‖𝜓𝑘,𝑙‖2 = ‖(
ℎ(𝓌1

𝑘+1 ∙ 𝜉𝑙) − ℎ(𝓌1
𝑘 ∙ 𝜉𝑙)

⋮
ℎ(𝓌𝑛

𝑘+1 ∙ 𝜉𝑙) − ℎ(𝓌𝑛
𝑘 ∙ 𝜉𝑙)

)‖

2

= ‖(

𝑔′(𝑡̃1,𝑙,𝑘)(𝓌1
𝑘+1 − 𝓌1

𝑘) ∙ 𝜉𝑙

⋮
𝑔′(𝑡̃𝑛,𝑙,𝑘)(𝓌𝑛

𝑘+1 − 𝓌𝑛
𝑘) ∙ 𝜉𝑙

)‖ 

≤ (𝑠𝑢𝑝
𝑡∈ℝ

|ℎ′(𝑡)| ∙ 𝑚𝑎𝑥
1≤𝑙≤𝐿

‖𝜉𝑙‖)2 ∑ ‖𝓌𝑛
𝑘+1 − 𝓌𝑛

𝑘‖2𝑁
𝑛=1 ≤ 𝐶2 ∑ ‖𝛥𝓌𝑛

𝑘‖2𝑁
𝑛=1     (31)  

        

where 𝐶2 = max {√𝑁 𝑠𝑢𝑝
𝑡∈ℝ

|ℎ′(𝑡)|, (𝑠𝑢𝑝
𝑡∈ℝ

|ℎ′(𝑡)| 𝑚𝑎𝑥
1≤𝑙≤𝐿

‖𝜉𝑙‖)2} and 𝑡̃𝑛,𝑙,𝑘 ∈ ℝ  is between 𝓌𝑛
𝑘+1 ∙ 𝜉𝑙 and 𝓌𝑛

𝑘 ∙ 𝜉𝑙. With reference to two Equation 14 

and Equation 18, we get 

‖𝛥𝓌𝑛
𝑘‖ ≤ 𝜂[(1 + 𝓇)]‖𝐸𝓌𝑛

(𝒲𝑘)‖,   𝑛 = 1,2, ⋯ , 𝑁        (32) 

Inequality Equation 25 results from combining Equation 26 and Equation  27, and completes this lemma's proof. 

The monotonicity of the sequence is examined in the lemma that follows. It is required for the BGTS𝐿1AM weak convergence proof that is given 

in the next theorem (Theorem I). 

Lemma II. The following estimate appears under propositions 1−3. 

𝐸(𝒲𝑘+1) ≤ 𝐸(𝒲𝑘), 𝑘 = 0,1,2         (33) 

Proof. According to the definition of 𝓌0
𝑘 and  𝜓𝑘,𝑙. We have 

𝓌0
𝑘𝜓𝑘,𝑙 = ∑ 𝓌𝑛0

𝑘 ∙ [ℎ(𝓌𝑛
𝑘+1 ∙ 𝜉𝑙) − ℎ(𝓌𝑛

𝑘 ∙ 𝜉𝑙)]𝑁
𝑛=1         (34) 

Using the Lagrange remainder and the Taylor mean value theorem, ℎ(𝑡) at the point 𝓌𝑛
𝑘 ∙ 𝜉𝑙. We have  

ℎ(𝓌𝑛
𝑘+1 ∙ 𝜉𝑙) − ℎ(𝓌𝑛

𝑘 ∙ 𝜉𝑙) = ℎ′(𝓌𝑛
𝑘∙𝜉𝑙) ∙ ∆𝓌𝑛

𝑘 ∙ 𝜉𝑙 +
1

2
ℎ′′(𝑡𝑛,𝑙,𝑘)(∆𝓌𝑛

𝑘 ∙ 𝜉𝑙)2       (35) 

where each 𝑡𝑛,𝑙,𝑘  lies on the segment between  𝓌𝑛
𝑘+1 ∙ 𝜉𝑙 and  𝓌𝑛

𝑘 ∙ 𝜉𝑙,  𝑛 = 1,2, ⋯ , 𝑁, 𝑚 = 1,2, ⋯ , 𝑀. 

This together with Equation 17 and Equation 23. We have 

∑ ℎ𝑙
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)𝓌0
𝑘𝜓𝑘,𝑙

𝐿

𝑙=1
 

 = ∑ ∑ ℎ𝑙
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)𝓌𝑛0
𝑘 ℎ′(𝓌𝑛

𝑘 ∙ 𝜉𝑙)
𝐿

𝑙=1

𝑁

𝑛=1
∙ ∆𝓌𝑛

𝑘 ∙ 𝜉𝑙 

+
1

2
∑ ∑ ℎ𝑙

′(𝓌0
𝑘 ∙ Η𝑘,𝑙)

𝐿

𝑙=1

𝑁

𝑛=1
𝓌𝑛0

𝑘 ℎ′′(𝑡𝑛,𝑙,𝑘)(∆𝓌𝑛
𝑘 ∙ 𝜉𝑙)2 
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 = ∑ ∑ ∑ ℎ𝑙
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)𝓌𝑛0
𝑘 ℎ′(𝓌𝑛

𝑘 ∙ 𝜉𝑙)
𝐿

𝑙=1

𝑀

𝑚=1

𝑁

𝑛=1
∙ ∆𝓌𝑛

𝑘 ∙ 𝜉𝑚
𝑙  

 +
1

2
∑ ∑ ℎ𝑙

′(𝓌0
𝑘 ∙ Η𝑘,𝑙)

𝐿

𝑙=1

𝑁

𝑛=1
𝓌𝑛0

𝑘 ℎ′′(𝑡𝑛,𝑙,𝑘)(∆𝓌𝑛
𝑘 ∙ 𝜉𝑙)2 

 = ∑ ∑ 𝐸𝔀𝒏𝒎
(𝒲𝑘) ∙ ∆𝓌𝑛𝑚

𝑘
𝑁

𝑛=1

𝑀

𝑚=1
 − 𝜆 ∑ ∑ 𝑓′(𝓌𝑛𝑚

𝑘 ) ∙ ∆𝓌𝑛𝑚
𝑘

𝑁

𝑛=1

𝑀

𝑚=1
+ 𝜇1 

+
1

2
∑ ∑ ℎ𝑙

′(𝓌0
𝑘 ∙ Η𝑘,𝑙)

𝐿

𝑙=1

𝑁

𝑛=1
𝓌𝑛0

𝑘 ℎ′′(𝑡𝑛,𝑙,𝑘)(∆𝓌𝑛
𝑘 ∙ 𝜉𝑙)2 

 = ∑ 𝐸𝔀𝒏
(𝒲𝑘) ∙ ∆𝓌𝑛

𝑘
𝑁

𝑛=1
− 𝜆 ∑ ∑ 𝑓′(𝓌𝑛𝑚

𝑘 ) ∙ ∆𝓌𝑛𝑚
𝑘

𝑁

𝑛=1

𝑀

𝑚=1
 

 +
1

2
𝐿𝐶3

2𝐶4
2𝐶5 ∑ ‖∆𝓌𝑛

𝑘‖2
𝑁

𝑛=1
 

 = ∑ 𝐸𝔀𝒏
(𝒲𝑘)(−𝜂𝐸𝔀𝒏

(𝒲𝑘) + 𝓇𝓌𝑛

𝑘 ∙ ∆𝓌𝑛
𝑘−1)

𝑁

𝑛=1
 

 −𝜆 ∑ ∑ 𝑓′(𝓌𝑛𝑚
𝑘 ) ∙ ∆𝓌𝑛𝑚

𝑘
𝑁

𝑛=1

𝑀

𝑚=1
+

1

2
𝐿𝐶3

2𝐶4
2𝐶5𝜂2(1 + 𝓇)2 ∑ ‖𝐸𝔀𝒏

(𝒲𝑘)‖
2

𝑁

𝑛=1
 

 = −𝜂 ∑ ‖𝐸𝔀𝒏
(𝒲𝑘)‖

2
𝑁

𝑛=1
+ ∑ 𝓇𝓌𝑛

𝑘 ∙ (𝐸𝔀𝒏
(𝒲𝑘)) ∙ ∆𝓌𝑛

𝑘−1
𝑁

𝑛=1
 

−𝜆 ∑ ∑ 𝑓′(𝓌𝑛𝑚
𝑘 ) ∙ ∆𝓌𝑛𝑚

𝑘𝑁
𝑛=1

𝑀
𝑚=1 +

1

2
𝐿𝐶3

2𝐶4
2𝐶5𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2      (36) 

where 𝑡𝑛,𝑙,𝑘 ∈ 𝑅 is between 𝓌𝑛
𝑘 ∙ 𝜉𝑙 and 𝓌𝑛

𝑘+1 ∙ 𝜉𝑙. Using Equations 17 and 22.  We have 

∑ ℎ𝑙
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)Η𝑘,𝑙∆𝓌0
𝑘

𝐿

𝑙=1
 

 =  ∑ ∑ ℎ𝑙
′(𝓌0

𝑘 ∙ 𝐻𝑘,𝑙)ℎ(𝓌0
𝑘𝜉𝑙) ∙ ∆𝓌𝑛0

𝑘
𝐿

𝑙=1

𝑁

𝑛=1
 

= ∑ (𝐸𝔀𝒏𝟎
(𝒲𝑘) − 𝜆𝑓′(𝓌𝑛0

𝑘 )) ∙ ∆𝓌𝑛0
𝑘

𝑁

𝑛=1
 

 = 𝐸𝔀𝒏𝟎
(𝒲𝑘) ∙ ∆𝓌𝑛0

𝑘 − 𝜆 ∑ 𝑓′(𝓌𝑛0
𝑘 ) ∙ ∆𝓌𝑛0

𝑘
𝑁

𝑛=1
 

 = 𝐸𝔀𝒏𝟎
(𝒲𝑘)(−𝜂𝐸𝔀𝒏

(𝒲𝑘) + 𝓇𝓌0

𝑘 ∙ ∆𝓌0
𝑘−1) − 𝜆 ∑ 𝑓′(𝓌𝑛0

𝑘 ) ∙ ∆𝓌𝑛0
𝑘

𝑁

𝑛=1
 

= −𝜂‖𝐸𝔀𝟎
(𝒲𝑘)‖

2
+ 𝓇𝓌0

𝑘 ∙ (𝐸𝔀𝟎
(𝒲𝑘)) ∙ ∆𝓌0

𝑘−1 − 𝜆 ∑ 𝑓′(𝓌𝑛0
𝑘 ) ∙ ∆𝓌𝑛0

𝑘𝑁
𝑛=1     (37) 

Utilizing the Lagrange remainder and the Taylor mean value theorem, we arrive at 

𝐸(𝒲𝑘+1) − 𝐸(𝒲𝑘)  = ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ Η𝑘,𝑙]
𝐿

𝑙=1
 

+𝜆 ∑ ∑ [𝑓(𝓌𝑛𝑚
𝑘+1) − 𝑓(𝓌𝑛𝑚

𝑘 )]
𝑀

𝑚=1

𝑁

𝑛=1
 

  +
1

2
∑ ℎ𝑗

′′(𝑠𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ Η𝑘,𝑙]2
𝐿

𝑙=1
 

 = ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)
𝐿

𝑙=1
Η𝑘,𝑙∆𝓌0

𝑘 + ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)
𝐿

𝑙=1
𝓌0

𝑘𝜓𝑘,𝑙 

+
1

2
∑ ℎ𝑗

′′(𝑠𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ 𝐻𝑘,𝑙]2
𝐿

𝑙=1
 

+𝜆 ∑ ∑ [𝑓(𝓌𝑛𝑚
𝑘+1) − 𝑓(𝓌𝑛𝑚

𝑘 )]𝑀
𝑚=1

𝑁
𝑛=1         (38) 

where 𝑠𝑘,𝑙 ∈ R is a constant between 𝓌0
𝑘 ∙ Η𝑘,𝑙 and 𝓌0

𝑘+1 ∙ Η𝑘+1,𝑙. 

By applying the Lagrange remainder and substationing Equations 37 and  38 we may obtain Equation 36. Then  

𝐸(𝒲𝑘+1) − 𝐸(𝒲𝑘) = −𝜂‖𝐸𝔀𝒏
(𝒲𝑘)‖

2
− 𝜆 ∑ ∑ 𝑓′(𝓌𝑛𝑚

𝑘 ) ∙ ∆𝓌𝑛𝑚
𝑘

𝑀

𝑚=0

𝑁

𝑛=1
 

 + ∑ (𝓇𝓌𝑛

𝑘 ∙ (𝐸𝔀𝒏
(𝒲𝑘)) ∙ ∆𝓌𝑛

𝑘−1 − 𝓇𝓌0

𝑘 ∙ (𝐸𝔀𝟎
(𝒲𝑘)) ∙ ∆𝓌0

𝑘−1)
𝑁

𝑛=1
 

 +
1

2
∑ ∑ ℎ𝑙

′(𝓌0
𝑘 ∙ Η𝑘,𝑙)

𝐿

𝑙=1

𝑁

𝑛=1
𝓌𝑛0

𝑘 ℎ′′(𝑡𝑛,𝑙,𝑘)(∆𝓌𝑛
𝑘 ∙ 𝜉𝑙)2 

  +
1

2
∑ ℎ𝑗

′′(𝑠𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ Η𝑘,𝑙]
2𝐿

𝑙=1
 

+ ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)
𝐿

𝑙=1
∆𝓌0

𝑘𝜓𝑘,𝑙  + 𝜆 ∑ ∑ [𝑓(𝓌𝑛𝑚
𝑘+1) − 𝑓(𝓌𝑛𝑚

𝑘 )]
𝑀

𝑚=1

𝑁

𝑛=1
 

 ≤ −𝜂‖𝐸𝔀𝒏
(𝒲𝑘)‖

2
+ 𝜆𝑓′′(𝑡𝑛,𝑙,𝑘) ∑ ∑ (∆𝓌𝑛𝑚

𝑘 )2
𝑀

𝑚=1

𝑁

𝑛=1
 

+
1

2
∑ ℎ𝑗

′′(𝑠𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ Η𝑘,𝑙]
2𝐿

𝑙=1
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+ ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)𝐿
𝑙=1 ∆𝓌0

𝑘𝜓𝑘,𝑙          (39) 

Proposition 1, Equations 23, 26 and  29, based on the Cauchy-Schwarz inequality. As we've 

 |
1

2
∑ ℎ𝑙

′′(𝑠𝑘,𝑙)[𝓌0
𝑘+1 ∙ Η𝑘+1,𝑙 − 𝓌0

𝑘 ∙ Η𝑘,𝑙]2
𝐿

𝑙=1
| 

≤
𝐶3

2
∑ (∆𝓌0

𝑘𝐻𝑘+1,𝑙 + 𝓌0
𝑘𝜓𝑘,𝑙)2

𝐿

𝑙=1
 

≤
𝐶3

2
∑ (𝐶2‖∆𝓌0

𝑘‖ + 𝐶5‖𝜓𝑘,𝑙‖)2
𝐿

𝑙=1
 

≤ 𝐶3𝑚𝑎𝑥{𝐶2
2, 𝐶5

2} ∑ (‖∆𝓌0
𝑘‖2 + ‖𝜓𝑘,𝑙‖2)

𝐿

𝑙=1
 

≤ 𝐶3𝑚𝑎𝑥{𝐶2
2, 𝐶5

2} ∑ (‖∆𝓌0
𝑘‖2 + ∑ ‖∆𝓌𝑛

𝑘‖2
𝑁

𝑛=1
)

𝐿

𝑙=1
 

≤
1

2
𝐿𝐶3𝑚𝑎𝑥{𝐶2

2, 𝐶5
2}(1 + 𝐶2) (‖∆𝓌0

𝑘‖2 + ∑ ‖∆𝓌𝑛
𝑘‖2

𝑁

𝑛=1
) 

≤
1

2
𝐿𝐶6(1 + 𝐶2)𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2           (40) 

where 𝐶6 = 𝐶3𝑚𝑎𝑥{𝐶2
2, 𝐶5

2}. Similarly, we can obtain  

 ∑ ℎ𝑗
′(𝓌0

𝑘 ∙ Η𝑘,𝑙)
𝐿

𝑙=1
∆𝓌0

𝑘𝜓𝑘,𝑙 

 ≤
𝐶3

2
∑ (‖∆𝓌0

𝑘‖ + ‖𝜓𝑘,𝑙‖)2
𝐿

𝑙=1
 

 ≤ 𝐶7 ∑ (‖∆𝓌0
𝑘‖2 + 𝐶2 ∑ ‖∆𝓌𝑛

𝑘‖2
𝑁

𝑛=1
)

𝐿

𝑙=1
 

≤
1

2
𝐿𝐶3(1 + 𝐶2) (‖∆𝓌0

𝑘‖2 + ∑ ‖∆𝓌𝑛
𝑘‖2

𝑁

𝑛=1
) 

≤
1

2
𝐿𝐶3(1 + 𝐶2)𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2          (41) 

According to Equations 32, 38 - 41. We have  

𝐸(𝒲𝑘+1) − 𝐸(𝒲𝑘) ≤ −𝜂‖𝐸𝔀(𝒲𝑘)‖2 + 𝜆𝐶1
′ ∑ ∑ (∆𝓌𝑛𝑚

𝑘 )2
𝑀

𝑚=0

𝑁

𝑛=1
 

+
1

2
𝐿𝐶3

2𝐶4
2𝐶5𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2 +

1

2
𝐿𝐶6(1 + 𝐶2)𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2 

 +
1

2
𝐿𝐶3(1 + 𝐶2)𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2 

≤ −𝜂‖𝐸𝔀(𝒲𝑘)‖2 + 𝜆𝐶1
′ (∑ ‖∆𝓌𝑛

𝑘‖2
𝑁

𝑛=0
+ ‖∆𝓌0

𝑘‖2) 

+[𝐶7𝜂2(1 + 𝓇)2 + 𝐶8𝜂2(1 + 𝓇)2𝐶9𝜂2(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 

 ≤ −𝜂‖𝐸𝔀(𝒲𝑘)‖2 + 𝜆𝐶1
′𝜂2(1 + 𝓇)2‖𝐸𝔀(𝒲𝑘)‖2 

+[𝐶7𝜂2(1 + 𝓇)2 + 𝐶8𝜂2(1 + 𝓇)2𝐶9𝜂2(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 

≤ −𝜂[1 − 𝐶1
′𝜆𝜂(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 

+[𝐶7𝜂2(1 + 𝓇)2 + 𝐶8𝜂2(1 + 𝓇)2𝐶9𝜂2(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2        (42) 

where 𝐶7 =
1

2
𝐿𝐶3

2𝐶4
2𝐶5, 𝐶8 =  

1

2
𝐿𝐶6(1 + 𝐶2), and 𝐶9 =

1

2
𝐿𝐶3(1 + 𝐶2). Using Equation 20, and from Equation 37. We have 

𝐸(𝒲𝑘+1) − 𝐸(𝒲𝑘) ≤ −𝜂[1 − 𝜆𝜂2(1 + 𝓇)2𝐶1
′] ∑ ∑ ‖𝐸𝔀𝒏𝒎

(𝒲𝑘)‖
2

𝑀

𝑚=0

𝑁

𝑛=1
 

+[𝐶7𝜂2(1 + 𝓇)2 + 𝐶8𝜂2(1 + 𝓇)2𝐶9𝜂2(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 

≤ −𝜂[1 − 𝜆𝜂2(1 + 𝓇)2𝐶1
′]‖𝐸𝔀(𝒲𝑘)‖2 

+[𝐶7𝜂2(1 + 𝓇)2 + 𝐶8𝜂2(1 + 𝓇)2𝐶9𝜂2(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 

≤ −𝜂[1 − 𝐶1
′𝜆𝜂(1 + 𝓇)2 − 𝐶1𝜂(1 + 𝓇)2]‖𝐸𝔀(𝒲𝑘)‖2 ≤ 0       (43) 

 It is holds 𝐸(𝒲𝑘+1) ≤ 𝐸(𝒲𝑘) for 𝑘 = 0,1,2 ⋯and this completes the proof. 

Lemma III. (See Lemma 3 in [49]) For a bounded closed region Γ, let 𝒥: 𝛷 ⊂ ℝ𝑛 → ℝ be continuous and let 𝛤0 = {𝕦 ∈ 𝛤: 𝒥(𝕦) = 0}. There are 

no interior points in the projection of 𝛤0 on any coordinate axis. Allow the sequence {𝕦𝜏} to fulfill: 

lim
𝜏→∞

𝒥(𝕦𝜏) = 0 ;  𝑙𝑖𝑚
𝜏→∞

‖𝕦𝜏+1 − 𝕦𝜏‖ = 0 

Then, there present a unique  𝕦∗ ∈ Γ0 like 

lim
𝜏→∞

𝕦𝜏 = 𝕦∗ 

This lemma is important in proving strong convergence. May now give the primary finding of this work, the BGTS𝐿1AM convergence Theorem I, 

thanks to the preceding three lemmas. 

Proof.  According to Equation 36, taking 𝒜 = 𝜂 − (𝜆𝐶1
′ + 𝐶1)𝜂2(1 + 𝓇)2, it follows from proposition 3 that 𝒜 > 0. 

ℬ𝑘 = ∑ ∑ (𝐸𝔀𝒏𝒎
(𝒲𝑘))

2
𝑀
𝑚=0

𝑁
𝑛=1 = ‖𝐸𝔀(𝒲𝑘)‖2         (44) 

We have 

𝐸(𝒲𝑘+1) ≤ 𝐸(𝒲𝑘) − 𝒜‖𝐸𝔀(𝒲𝑘)‖2 ≤ ⋯ ≤ 𝐸(𝒲0) − 𝒜 ∑ ‖𝐸𝔀(𝒲𝑘)‖2𝑀
𝑚=0      (45) 

Since 𝐸(𝒲𝑘+1) ≥ 0, it gives that  

𝒜 ∑ ‖𝐸𝔀(𝒲𝑘)‖2𝑀
𝑚=0 ≤ 𝐸(𝒲0)          (46) 

Let 𝑘 → ∞. We have 

∑ ‖𝐸𝔀(𝒲𝑘)‖2𝑀
𝑚=0 ≤

1

𝒜
𝐸(𝒲0) < ∞          (47) 
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These results in  

lim
k→∞

‖𝐸𝔀𝐧
(𝒲k)‖ = 0 ,     𝑛 = 0.1.2 ⋯ , 𝑁          (48) 

Namely  

lim
𝑘→∞

‖𝐸𝔀(𝒲𝑘)‖ = 0   )         (49) 

Thus, weak convergence is proved. 

Now demonstrate the robust convergence. According to Equations 25 and 39, there is 

lim
𝑘→∞

‖∆𝒲𝑘‖ = 0            (50) 

Recall Lemma III and take 𝒳 = 𝒲 and 𝐺(𝒳) = 𝐸𝒳(𝒳). This together with proposition 4, Equations 44, 50 and Lemma III strong convergence 

occurs immediately, i.e., there 𝒲𝑘 ∈ Θ such that  

lim
𝑘→∞

𝒲𝑘 = 𝒲∗. 

 

 


