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1.Introduction 
Association rule mining is a powerful technique in 

data mining demonstrating its effectiveness in 

various contexts, particularly in modelling customer 

behaviour by analysing market-basket databases that 

represent customer purchases. In this scenario, each 

association rule indicates how certain purchases are 

related to others [1, 2]. This technique was extended 

to sequential databases, which consist of a series of 

sequences, where events are required to follow a 

specific partial order, this type of databases are used 

in various fields, such as bioinformatics for storing 

deoxyribonucleic acid (DNA) or protein sequences 

and marketing for tracking customer purchase 

sequences [3, 4]. Sequential rules are patterns 

extracted from the original sequence database (SD), 

highlighting relevant associations between 

subsequences of events. These rules are then used to 

identify and predict the occurrence of specific 

subsequences within a set of items [5]. 

  

 
*Author for correspondence 

In many real-world applications, data might be 

incomplete or mislabelled. For instance, data 

collected from wireless sensor networks may be 

uncertain due to external interference or sensor aging, 

complicating the extraction of association or 

sequential rules, and requiring special methods to 

handle the uncertainty in data. This uncertainty is 

often represented as an existential probability, which 

can be associated with each sequence or each item 

within a sequence [4, 6–8]. Existing techniques for 

mining sequential rules face limitations in addressing 

data uncertainty, as the prevalence of such data is 

increasing daily, making the extraction of sequential 

rules from such data a critical challenge in many real-

world applications, this growth highlights the 

importance of developing robust methods to handle 

uncertain data [9–11]. 

 

The primary objectives of this paper are to develop a 

method for mining sequential rules from uncertain 

SDs and to demonstrate its effectiveness in handling 

data uncertainty. This paper contributes by proposing 

a novel approach for extracting probabilistic rules 
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from uncertain SDs and filtering these rules based on 

the sequential information present in the data. This 

approach enhances the capability of mining 

algorithms to process uncertain sequences more 

effectively. 

 

The paper is organized as follows: Section 2 reviews 

related work and highlights existing challenges. 

Section 3 provides background information and a 

problem statement to help the reader understand the 

proposed method in detail. Section 4 presents the 

experimental results and discussion. Finally, Section 

5 provides concluding remarks and discusses 

potential future work. 

 

2.Literature review 
In the rapidly evolving field of data mining, handling 

uncertainty has emerged as a critical challenge for 

researchers. Real-world datasets frequently contain 

missing, noisy, or imprecise information, which 

limits the effectiveness of traditional mining 

techniques. To address this issue, researchers have 

increasingly focused on extracting meaningful 

sequential rules from uncertain data. This involves 

carefully modelling and computing the probabilities 

of item occurrences and sequence patterns to ensure 

accurate and reliable results. 

 

In this section, the primary related work on mining 

sequential rules from uncertain data is reviewed. 

Upon thoroughly examining the literature, the work 

is categorized into two main areas: the first focuses 

on finding frequent itemsets from probabilistic data 

[12–14], and the second addresses mining sequential 

patterns and rules from sequential data [15, 16]. The 

first category is further divided into three 

subcategories based on the method used to find 

frequent item sets: 1) using the concept of expected 

support, 2) employing exact methods to compute the 

exact probability of pattern frequencies, and 3) 

relying on approximation models [17]. In the 

following, a set of papers is carefully selected for 

each category and subcategory. These papers are then 

analyzed and discussed in detail to provide a 

comprehensive understanding of their contributions 

and relevance. 

  

Within the first subcategory, which used expected 

support as a primary metric, [18] suggested that all 

proposed algorithms for mining frequent itemsets 

from uncertain databases relied on support-based 

constraints to reduce the search space. However, this 

approach was insufficient, as frequent itemsets could 

exhibit weak affinity. To address this limitation, a 

new approach called weighted uncertain interesting 

pattern mining (WUIPM) was proposed. This method 

utilized the concept of expected support to identify 

frequent itemsets and introduced a novel tree 

structure, the weighted uncertain interesting pattern 

tree (WUIP-tree), where each item was assigned, a 

weight representing its importance. Additionally, a 

new measure called weighted expected support 

confidence (wUConf) was introduced to mine 

significant patterns. They claimed that WUIPM 

outperformed other algorithms. The challenge of 

extracting frequent patterns and association rules 

from uncertain data, particularly within probabilistic 

databases (PDB) that operate under the possible 

world semantics (PWS) framework, was addressed in 

[7]. Traditional mining methods struggled due to the 

exponential number of possible worlds such 

databases could generate. To overcome this 

limitation, two efficient algorithms, p-Apriori (a 

bottom-up approach) and TOp-Down Inheritance of 

Support pmf (TODIS), were proposed. These 

methods were designed to compute frequent patterns 

with probabilistic guarantees and could be easily 

extended to handle maximal frequent patterns and 

probabilistic association rules. Bernecker et al. [19] 

proposed a new approach that utilizes a probability 

distribution function with two models: the Poisson 

and normal distribution, classified under the first 

category that relies on approximation models. Their 

objective was to identify itemsets with frequentness 

probabilities above a threshold and to mine itemsets 

with the highest frequentness probabilities in both 

tuple and attribute uncertainty models. They defined 

the concept of frequency probability and used 

expected support along with the two probability 

distributions to efficiently approximate itemset 

support. Their results indicated that models based on 

expected support and Poisson approximation were 

easy to implement and compute efficiently due to 

pruning techniques, whereas the normal 

approximation model required more effort and did 

not allow pruning. An algorithm called probabilistic 

frequent pattern growth (ProFPGrowth) was 

introduced, based on the classical frequent pattern 

growth (FP-Growth) algorithm, to mine a PDB and 

extract probabilistic frequent itemsets [8]. 

Additionally, the ProFP-Tree was introduced, 

transforming the probabilistic database into a tree 

structure to facilitate information retrieval and 

minimize database access. The identification of 

probabilistic frequent itemsets was based on 

generating functions, which reduced computational 

complexity to O(N). 
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Under the second category, which focuses on mining 

sequential patterns and rules from sequential data, 

several key approaches have been considered. 

 

The common sequential rules (CMRules) algorithm 

[4] is widely used in applications such as stock 

market analysis, weather observation, drought 

management, and e-learning. This algorithm converts 

a SD into a transaction database (TDB) to optimize 

the search space, then extracts association rules that 

meet minimum support and confidence thresholds. 

These rules are subsequently filtered to retain only 

those that respect the original sequential ordering. 

The authors evaluated CMRules in terms of time 

complexity, performance on real datasets, and its 

application in an intelligent agent aboard the 

International Space Station, demonstrating promising 

results across various contexts. In [20], the problem 

of high-utility sequential rule mining (HUSRM) was 

addressed, focusing on discovering high-utility 

sequential rules (HUSRs) from SDs based on 

minimum utility (minutil) and minimum confidence 

(minconf) thresholds. The objective was to efficiently 

identify these rules to support decision-making in 

various applications. To tackle this challenge, the 

authors proposed a novel approach called utility 

sequential rule algorithm (US-Rule), incorporating 

several optimization strategies. These strategies 

included early removal of unpromising items and 

rules, utilization of bitmap and compact utility-tables 

for enhanced memory efficiency, and the application 

of tighter upper bounds for rule expansion. The US-

Rule algorithm was evaluated on multiple datasets, 

outperforming existing HUSRM methods, especially 

on dense and long sequences. It improved efficiency, 

memory usage, and scalability. However, its 

effectiveness varied by dataset type, requiring careful 

selection and tuning for optimal performance. 

 

Wu et al. [21] addressed the inefficiency of existing 

methods in mining frequent order-preserving patterns 

(OPPs) from time series data, particularly in non-

stationary data, where patterns repeat with different 

mean values. To overcome this limitation, they 

proposed an enhanced algorithm, efficient frequent 

order-preserving pattern miner (EFO-Miner), which 

leverages techniques such as pattern fusion, support-

based pattern fusion, screening, and pruning to 

improve efficiency. Additionally, they introduced the 

order-preserving rule miner (OPR-Miner) to discover 

strong rules and mine relationships between OPPs. 

The study introduced EFO-Miner and OPR-Miner, 

which enhance efficiency, scalability, and rule 

mining effectiveness. EFO-Miner outperformed 

existing methods in speed, while OPR-Miner 

produced fewer but more meaningful rules. However, 

challenges remain in implementation complexity, 

scalability, and generalization across diverse time 

series data. In a recent study [22], researchers 

addressed the limitations of partially-ordered 

sequential rule mining by introducing methods for 

mining high-utility totally-ordered sequential rules 

(HTSRs). Traditional SRM and HUSRM approaches 

focus on partially-ordered rules, often ignoring the 

strict order of events, which can lead to inaccuracies 

in applications where sequence order is crucial, such 

as medical diagnoses, market predictions, and 

recommendation systems. To bridge this gap, they 

proposed two algorithms: totally-ordered sequential 

rules (TotalSR) and its optimized version, TotalSR+, 

designed to efficiently extract HTSRs from SDs. 

TotalSR introduces advanced techniques like utility 

tables, prefix sum lists, left-first expansion, and anti-

monotonic pruning for efficient sequential rule 

mining. An auxiliary antecedent record table 

enhances performance, reducing execution time and 

improving scalability. TotalSR and TotalSR+ 

outperform existing methods by capturing strictly 

ordered rules and optimizing computational 

efficiency. While requiring dataset-specific tuning, 

these algorithms significantly advance sequential rule 

mining by improving accuracy, scalability, and 

efficiency. 

 

In [4], targeted sequential pattern mining (TaSPM) 

was introduced as an algorithm designed to improve 

sequential pattern mining (SPM) by focusing on 

specific query sequences. Traditional SPM methods 

generate excessive, often irrelevant patterns, while 

existing targeted mining approaches lack generality 

and are constrained by specific application scenarios. 

TaSPM employed four innovative pruning strategies: 

unpromising transaction filter pruning (UTFP), 

unpromising prefix item pruning (UPIP), 

unpromising s-extension item pruning (USIP), and 

unpromising i-extension item pruning (UIIP) to 

eliminate unnecessary operations and enhance 

efficiency. A post-processing technique further 

optimizes the mining process. 

 

Experiments on real and synthetic datasets 

demonstrate that TaSPM significantly outperforms 

baseline SPM algorithms in runtime, memory 

efficiency, and scalability, reducing redundant 

outputs while improving pattern relevance. However, 

its performance depends on predefined support 

thresholds and may face increased complexity with 

highly specific queries. Table 1 provides a 
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comparative summary of key existing studies related 

to mining sequential rules from uncertain data, 

highlighting the most important characteristics of 

each work, such as the type of data used, algorithms, 

and datasets employed.  

 

Table 1 A comparative summary of rule mining related work 

Source Works 
Type of 

data 
Target Dataset Algorithm(s) Programming language 

[4] 
OPR-

Miner  

Time series 

data 

Frequent 

OPPs 

The stock and oil 

datasets 

Efficient frequent 

OPP miner 
C++ 

[5] CMRules  Sequences 
Sequential 

rules 
Kosarak dataset Apriori Unknown 

[7] 

p-Apriori 

and 

TODIS 

Probabilisti

c 

Probabilistic 

association 

rules 

data generator the 

accidents dataset 

(IBM) 

Apriori with 

dynamic 

programming 

C++ 

[8] 
ProFP-

Growth 

Probabilisti

c 

Probabilistic 

frequent 

patterns 

artificial dataset 

(the accidents 

dataset) 

FP-Growth Unknown 

[20] 
WUIPM 

algorithm  

Probabilisti

c 

Frequent 

itemsets 

Frequent itemset 

mining 

implementations 

dataset repository 

Expected support 

WUIP-tree structure 
C/C++ 

[21] 

Approxim

ation 

model  

Probabilisti

c 

Frequent 

itemsets 

accidents 

T10I4D100k IBM 

available at 

http://fimi.uantwe

rpen.be/data/ 

Poisson and normal 

distribution 
C 

[22] US-Rule SDs 
Sequential 

rules 

Bible, Kosarak, 

Leviathan, Sign, 

Syn10k and 

Syn20k 

US-Rule algorithms Java 

[23] 

Equivalen

ce class 

based 

sequential 

rule miner 

(ERMiner

) 

Sequences 

Sequential 

association 

rules 

Sign, Snake, FIFA 

BMS and 

Kosarak10k 

Equivalence Classes Java 

[24] 

Temporal 

probabilist

ic rules 

(TP-rules) 

Relational 
Association 

rules 

Boko Haram 

Bdataset 
Equivalence Classes unknown 

[25] 

Common 

sequential 

Pattern 

Mining 

(CM-

SPAM) 

algorithm  

Sequences 

Frequent 

sequential 

pattern 

China pollution 

data PM2.5 
SPM unknown 

[26] 

Context-

based 

associatio

n rule 

mining  

Convention

al data 

Association 

rules 

Online energy 

data portals 

Context based 

association rule 

mining 

Python 

[27] 

Top-K 

uncertain 

frequent 

pattern 

algorithm  

Probabilisti

c 

Top-k 

frequent 

patterns 

Chainstore, 

Foodmart, Retail 

and T10I4D100K 

Top-K uncertain 

frequent pattern 

algorithm 

C 

 

 

 

  
[28] Weighted Sequences Frequent SIGN: A dataset Maximum Possible python 

https://link.springer.com/article/10.1007/s10489-021-02290-w
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Source Works 
Type of 

data 
Target Dataset Algorithm(s) Programming language 

frequent 

sequential 

pattern 

mining(W

FSPM) 

framewor

k  

sequential 

pattern 

of sign language 

utterances. 

LEVIATHAN: A 

conversion of the 

novel Leviathan 

by 

Thomas Hobbes 

(1651) as a SDs 

(each word is an 

item).  

Weighted Support 

pruning 

 

The problem of mining uncertain sequences has been 

extensively studied, with numerous research efforts 

dedicated to addressing its challenges. Several 

comprehensive surveys have synthesized and 

evaluated the existing body of research, providing a 

broad overview of methodologies, findings, and 

emerging trends in the field. Similarly, studies 

featuring reproducible frameworks have also been 

discussed [29–33]. 

 

3.Materials and methods 
This section introduces and defines fundamental 

concepts essential to this work, categorized by the 

type of data: transactional, sequential, and uncertain, 

while presenting the theoretical foundations and 

definitions of the specific problem addressed in this 

paper. 

 

3.1Transactional data 

Association rule mining is a significant and 

extensively studied method within the field of data 

mining. Its objective is to discover compelling 

correlations, frequent patterns, associations, or causal 

relationships among item sets in TDBs and other data 

stores [6, 34, 35]. 

 

A TDB is defined as a set of transactions, where each 

transaction is a set of items, formally: TDB = {t1, t2, 

t3...tn} where tx ⊆ I is a transaction and I = {i1, i2, 

i3....im} is the set of all items.  

An association rule between X and Y such that X, Y ⊆ 

I and X ∩ Y = ∅ is denoted by X → Y. Recall that the 

support of a subset of items X ⊆ I is defined as the 

number of transactions that contain this subset as 

shown in Equation 1.  

𝑆𝑢𝑝𝑝(𝑋) = 𝐶𝑎𝑟𝑑{𝑡 ∈ 𝑇𝐷𝐵 ∶ 𝑋 ⊆ 𝑡} (1) 

 

Where Card refers to the cardinality of a set, which 

measures the number of elements in the set or 

describes its size in terms of its elements. The 

support of a rule X → Y is defined as the support of 

the union of the left side and the right side of the rule 

as shown in Equation 2. 

𝑆𝑢𝑝𝑝(𝑋 → 𝑌) = 𝑆𝑢𝑝𝑝(𝑋 ⊔ 𝑌)  (2) 

 

The confidence of a rule is defined as the ratio 

between its support and the support of the left side of 

the rule as shown in Equation 3. 

𝐶𝑜𝑛𝑓(𝑋 → 𝑌) = 𝑆𝑢𝑝𝑝(𝑋 ⊔ 𝑌)/𝑆𝑢𝑝𝑝(𝑋) (3) 

 

An association rule X → Y is valid if and only if:  

1. Supp(X → Y ) ≥ minSup  

2. Conf(X → Y ) ≥ minConf 

Where minSup (respectively, minConf) represents 

the minimum support and confidence threshold, 

respectively. 

 

3.2Sequential data 

A SDs is a database that contains a set of sequences 

where each sequence is constituted from n ordered 

set of transactions [36, 37]. Formally, let I = {i1, 

i2,...,in} be a set of items. A SDB is defined as a set of 

sequences S = {s1, s2,...,sn} where each sequence sx is 

an ordered list of transactions (itemsets): sx = 

{X1,X2,...,Xm} such that X1, X2,...,Xn ⊆ I [1]. Table 2 

shows a sample of a SDB containing five sequences. 

 

Table 1 A sequence database 
Sequence ID  Sequence Content 

Sequence 1:  

Sequence 2:  

Sequence 3: 

Sequence 4:  

Sequence 5:  

[{e,f},{d},{a},{b}] 

[{a,b},{d},{e},{c}] 

[{f},{c,d}] 

[{c,d},{f},{a,e}] 

[{d},{e},{b,c},{a}] 

 

Sequential rules emerge due to the unique 

characteristics of SDBs. They define a new type of 

rule, introduced in [4, 38], where a sequential rule X 

→ Y denotes a relationship between two itemsets X 

and Y with no common items (X∩Y = ∅). This rule 

suggests that if items in X appear in some 

transactions within a sequence, items in Y will appear 

subsequently in the same sequence, following all 

items of X. It's important to note that the items in X 

and Y are not required to appear in the same 

https://link.springer.com/article/10.1007/s10489-021-02290-w
https://link.springer.com/article/10.1007/s10489-021-02290-w
https://link.springer.com/article/10.1007/s10489-021-02290-w
https://link.springer.com/article/10.1007/s10489-021-02290-w
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transaction within the sequence and their order is not 

constrained. To identify relevant sequential rules, 

researchers adapted two measures commonly used in 

finding association rules. The first measure, called 

sequential support, is computed as the number of 

sequences where all items in X precede all items in Y 

(denoted by Supp(X•Y) in Equation 4) divided by the 

total number of sequences [39]. 

𝑆𝑒𝑞𝑆𝑢𝑝𝑝(𝑋 → 𝑦) = 𝑆𝑢𝑝𝑝(𝑋 • 𝑌)/𝐶𝑎𝑟𝑑(𝑆)    (4) 

 

The second measure, called sequential confidence, as 

shown in Equation 5, is calculated as the ratio of the 

number of sequences in which all items in X precede 

all items in Y to the number of sequences in which X 

appears [39]. 

𝑆𝑒𝑞𝐶𝑜𝑛𝑓(𝑋 → 𝑌) = 𝑆𝑢𝑝𝑝(𝑋 • 𝑌)/𝑆𝑢𝑝𝑝(𝑋)  (5) 

3.3Uncertain data 

According to [40, 41], a PDB involves two types of 

uncertainty: 

• Tuple-level uncertainty: In this model, each tuple 

in the database includes an existential probability 

attribute. This approach is noted for its 

straightforward design and query process. Table 3 

illustrates an instance of such a database [7]. 

• Attribute-level uncertainty: This form of 

uncertainty pertains to the uncertainty surrounding 

the values of transaction attributes. Here, each 

attribute carries its own existential probability 

value, indicating the level of certainty associated 

with its value. Table 4 provides an example of this 

database type [8]. 

 

Table 3 A probabilistic database example (Tuple level uncertainty) 
ID Location Time Speed Trac Weather Probability 

t1 t2 t3 t4 t5 

X 

X 

X 

X 

Y 

8-9pm 

7-8am 

8-9pm 

8-9pm 

2-3pm 

30-40 

80-90 

80-90 

30-40 

50-60 

High 

Low 

Low 

high 

low 

Rain 

Null 

Foggy 

Rain 

Sunny 

0.1 

1.0 

0.5 

0.2 

1.0 

 

Table 4 A probabilistic database example (Attribute 

level uncertainty) 
TID Transaction content 

1 

2 

3 

4 

5 

(A, 1.0) (B, 0.2), (C, 0.5) 

(A, 0.1), (D, 1.0)) 

(A, 1.0), (B, 1.0), (C, 1.0), (D, 0.4) 

(A, 1.0), (B, 1.0), (D, 0.5) 

(B, 0.1), (C, 1.0) 

 

3.4Problem definition 

This paper focuses on discovering sequential rules 

from SDBs that include uncertain data. The 

uncertainty specifically pertains to the attribute level, 

where it is represented by existential probability 

values associated with items. 

 

A probabilistic sequence database (PSDB) is defined 

by a set of sequences S={s1, s2,…,sn}, where each 

sequence sx consists of an ordered list of transactions 

(itemsets), sx={X1, X2,…,Xm}, with each Xi ⊆ I 

representing a transaction containing items from the 

set I={i1, i2,…,in} [42, 43]. 

 

In this database, transactions may include items that 

are uncertain, where uncertainty is characterized by 

existential probabilities such that 0 <= p (item) <= 1, 

where an item is considered certain if its existential 

probability is equal to 1. 

 

Table 5 represents a PSDB comprising eight 

sequences, where each sequence includes both certain 

and uncertain items. This PSDB serves as a running 

example in the whole the paper. The goal is to 

identify a set of sequential rules that are both strong 

and useful. Specifically, the focus is on rules that are 

sufficiently probable and adhere to the sequential 

order observed in sequences within the PSDB. 

Various algorithms exist for extracting rules from 

different data types: association rules from 

transactional data, sequential rules from sequential 

data, and probabilistic rules from uncertain data. 

However, this paper aims to integrate these 

approaches to derive rules from uncertain and 

sequential data, referred to as probabilistic sequential 

rules. 

 

Table 5 Example of PSDB 
Sequence ID Sequence Content (items) 

1 

2 

3 

4 

5 

6 

7 

8 

(Z, 0.2), (W, 0.6) 

(X, 1.0), (Y, 1.0), (Z,1.0), (W, 0.4) 

(X, 1.0), (Y, 0.3), (Z,0.8) 

(X, 0.4), (Y, 0.7) 

(Y, 0.4), (Z, 1.0)) 

(X, 0.1), (Y, 1.0), (Z,1.0) 

(X, 1.0), (Y, 1.0), (W,1.0) 

(Y, 0.3), (Z, 1.0) 

 

 

 



International Journal of Advanced Technology and Engineering Exploration, Vol 12(123)                                                                                                             

243          

 

3.5Proposed approach 

In this work, the following assumptions are made: 

• The data is stored in a PSDB. 

• Each item is a singleton item, meaning there are no 

nested sequences. 

• Each item within a sequence has an existential 

probability ranging between 0 and 1 (items with a 

probability of 0 do not occur and are, therefore, 

absent from the database). 

 

The keys for our approach are as under: 

• To handle data uncertainty, the expected support 

measure is used to assess the probabilistic 

frequency of subsequences and sequential rules. 

• Considering the ordering constraints inherent in 

sequences, the methodology operates in two 

phases: first, ignoring temporal information to 

generate a set of classical probabilistic rules, and 

then filtering these rules in the second phase to 

ensure adherence to temporal constraints. 

• The core of the proposed algorithm is an FP-

Growth-style algorithm, specifically customized 

for mining sequential rules. 

 

Given this problem definition and the outlined 

assumptions, a methodology was proposed, 

structured into six steps and partially based on 

previous work on extracting frequent itemsets from a 

PSDB [44]. 

1. Transformation of the PSDB: convert the PSDB 

into a PDB. 

2. Extraction of singleton frequent items: identify 

and extract the set of singleton frequent items. 

3. Construction of probabilistic frequent pattern 

tree (PFPTree): generate a specialized structure 

called the PFPTree to efficiently represent and 

extract probabilistic frequent patterns. 

4. Mining probabilistic frequent patterns: extract 

the set of probabilistic frequent items using the 

PFPTree. 

5. Generation of probabilistic rules: derive all 

possible probabilistic rules from the mined 

frequent patterns. 

6. Temporal filtering of rules: apply a filtering 

mechanism to retain only those rules that satisfy 

the temporal constraints present in the SD. 

 

A detailed discussion of these steps is provided in the 

following sub-sections. 

 

3.6Transforming PSDB into PDB 

A strategy inspired by [4] is employed to convert a 

PSDB into a PDB, which involves ignoring the 

sequential order of items, effectively treating 

sequences as unordered sets of items. This approach 

enables the transformation into a standard PDB. 

 

3.7Extracting the set of singleton frequent 

patterns 

To determine the set of singleton frequent patterns 

from the PDB, all possible scenarios or "worlds" that 

can arise from this database must be considered. Each 

possible world represents a distinct realization where 

decisions are made for uncertain items, determining 

whether they occur or not. Hence, a possible world 

wi (the ith possible world) signifies a specific certain 

configuration of the PDB, characterized by a 

probability denoted as P(wi). Therefore, using these 

possible worlds, the expected support of an item A in 

the PDB is calculated by Equation 6. 

𝐸𝑥𝑝𝑆𝑢𝑝𝑝(𝐴) =  ∑ 𝑝(𝑤𝑖)𝐴𝑤𝑖
𝑤
𝑖=1   (6) 

 

The expected support of A is calculated as the sum of 

products of the probability of each possible world 

and the count of occurrences of A in that world. 

However, this computation becomes very expensive 

due to the exponential growth in the number of 

possible worlds generated by a PDB regarding the 

number of uncertain items (the total number of 

possible worlds is 2|uncertain items|). The expected 

support of an itemset A is equal to the sum of the 

products of the probabilities assigned to the items 

belonging to A [45]. This relationship is expressed 

mathematically in Equation 7. 

𝐸𝑥𝑝𝑆𝑢𝑝𝑝(𝐴) =  ∑ ∏ 𝑃(𝑥)𝑥∈𝐴
|𝑃𝐷𝐵|
𝑗=1   (7) 

 

According to Equation 7, and as illustrated in Figure 

1, which presents the pseudocode for calculating the 

expected support of all singleton items in the PDB, 

computing the expected support of A requires 

scanning the PDB transaction by transaction. 

 

For each transaction, the product of the probabilities 

of the singleton items belonging to A is calculated, 

and these values are then summed over the entire 

PDB. Since all items are assumed to be singleton 

items (i.e., no nested sequences), Equation 7 can be 

simplified as shown in Equation 8. 

𝐸𝑥𝑝𝑆𝑢𝑝𝑝(𝐴) =  ∑ 𝑃(𝐴)
|𝑃𝐷𝐵|
𝑗=1   (8) 

 

Applying the aforementioned mathematical 

relationship to the running example (Table 5), the 

expected support values for each singleton item are 

computed as follows: ExpSupp(X)=3.5, 

ExpSupp(Y)=4.7, ExpSupp(Z)=5, ExpSupp(W)=2. 

 



Imane Seddiki et al. 

244 

 

3.8Construction of the probabilistic frequent 

pattern tree (PFPTree) 

The method for constructing the PFP-tree used in this 

work is inspired by the approach in [6]. Their 

algorithm was adapted to create a customized version 

of the PFP-tree. In this approach, constructing the 

PFP-tree requires only a single scan of the PDB, 

processing each transaction sequentially and inserting 

it into the PFP-tree. Each transaction is represented 

by a path starting from the root, with each node 

representing a single item in the transaction. The 

structure of the PFP-tree is as follows (consider a 

node n in the PFP-tree): 

• n.item: a label used to denote the node, 

representing one item. 

• n.list : a list of transactions where the item of this 

node appears, consisting of pairs: transaction label 

and the existential probability of the item in this 

transaction (if the item is certain, the existential 

probability is 1). 

• n.next: a link pointing to the next node in the tree, 

which can be a list of nodes or null if the current 

node is a leaf. 
 

The algorithm begins with a tree that contains only 

the root element, which is initialized with an empty 

label and an empty list, except for the next field, 

which is not empty and contains a link to the set of 

the root's child elements. It then processes each 

transaction individually, starting with transaction t1, it 

inserts it directly as a path in the tree (path = root → 

t1.item1 → t1.item2 → ... → t1.itemn) as illustrated in 

Figure 1. For the remaining transactions, there are 

two possibilities: if the path corresponding to the 

current transaction already exists in the tree, an 

update is performed by adding the transaction label 

and the existential probability of the current item to 

the transactions list field of the corresponding node. 

If the path does not exist in the tree, it is created 

entirely, before processing a transaction, its items are 

ordered based on their expected support calculated in 

the previous step. Figure 1 represents the complete 

PFP-tree generated after the algorithm runs on the 

provided example. 

 

Input: PDB: Probabilistic Database (set of 

transactions). 

Output: ExpSupp: Expected support of each 

singleton item in PDB. 

1: ExpSupp = 0 

2: For each transaction ti in PDB 

3:      A = the first singleton item in ti 

4:      Prod = 1 

5:      For each singleton item (currentItem) in ti 

6:          If currentItem = A then 

7:              Prod = Prod * P(A) 

8:      End for. 

9:      ExpSupp(A) = ExpSupp(A) + Prod 

10:      A = the next singleton item not treated in ti, 

goto 4 

11: End for. 

12: Return ExpSupp. 

Figure 1 Pseudo code of the algorithm for extracting 

the set of singleton frequent patterns 

 

As shown in Figure 2, which presents the 

pseudocode of the algorithm responsible for 

constructing the PFPTree, it is evident that if the 

algorithm encounters a new transaction not yet 

included in the tree, it creates a new path for this 

transaction. However, if the transaction already exists 

in the tree, the algorithm updates the lists of nodes 

belonging to the path constructed based on the items 

in this transaction. Let’s consider a transaction tx= 

(X:0.6, W:0.7, Y:1) that needs to be added to the tree. 

The first step is to order the set of items according to 

their expected support, resulting in tx= (Y:1, X:0.6, 

W:0.7). Next, the children of the root node are 

explored to check for the presence of a child 

representing Y. If it does not exist, a new one is 

created. The value tx = 1 is then added to the list 

associated with this node (Y.list). Next, the item X is 

processed. The child nodes of Y are explored to 

check for a child representing X. If it does not exist, a 

new one is created. The value tx = 0.6 is then added 

to the list associated with this node (X.list). This 

process is repeated for the remaining items in the 

transaction. Figure 3 illustrates the PFP-Tree 

obtained after applying the proposed algorithm to the 

running example previously presented in Table 5. 
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Figure 2 Pseudocode of the algorithm for constructing the PFPTree 

 

 
Figure 3 The PFP-Tree after scanning the whole PDB 

 

3.9Mining probabilistic frequent patterns 

In this step, the set of probabilistic frequent itemsets 

is extracted based on the singleton frequent items 

identified in the previous step. Given the uncertainty 

in the data, the concept of expected support is used 

for singleton frequent items, as defined by Equation 

Input: PDB: Probabilistic database (set of transactions). 

Output: PFP-tree: Probabilistic frequent pattern tree      

__________________________________________________________                     

1: root = null 

2: For each transaction ti in PDB  

3: newPath = false; 

4:  to= Ordered ti according to the value of expected support compute in step one; 

5:  currentItem = next singleton item in to; 

6: For each child of root 

7: | if child.label == currentItem and not (newPath) then 

8: | | add (ti = P(currentItem)) to child.list; 

9: | | child = child.next; 

10: | | For each currentItem in to.  

11: | | | if child.label == currentItem and not (newPath) then 

12: | | | | add (ti = P(currentItem)) to child.list; 

13: | | | Else 

14: | | |  newPath = true; 

15: | | |  break; 

16: | | endfor 

17: | else  

18: |  newPath = true; 

19: |  break; 

20: endfor 

21: Create new child of the node root; 

22:  child.label = currentItem; 

23:  child.next = null; 

24:   child.list = child.list+(ti = P(currentItem)); 

25: endfor 

26: Return root. 
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8. By applying Equation 1 to the running example 

(Table 5) to calculate the expected support for the 

itemset {Z, W}, the result obtained is ExpSupp({Z, 

W}) = 0.52. 

 

3.10Generation of probabilistic rules 

The set of probabilistic rules is generated from the set 

of probabilistic frequent itemsets, where for each 

frequent itemset all its nonempty subsets are 

generated. Then the rule is generated as follow: 

• The left side of the rule is any subset of the treated 

itemset. 

• The right side of the rule is the remaining part of 

the itemset, excluding the elements on the left side. 

For example, if s is a subset of I, the rule considered 

is R: s → I – s. However, if its confidence does not 

meet or exceed the minimum confidence threshold 

defined for to the application, rule is ignored and 

excluded from further consideration. The confidence 

of the rule can be calculated using Equation 9. 

𝐶𝑜𝑛𝑓(𝑅) = 𝐸𝑥𝑝𝑆𝑢𝑝𝑝(𝐼𝑓)/𝐸𝑥𝑝𝑆𝑢𝑝𝑝(𝑆) (9) 

 

3.11Temporal filtering of rules 

After extracting the set of probabilistic rules, the next 

step is sequential filtering. For each rule identified in 

the previous step, sequential support and confidence 

are calculated. Only rules with a sequential 

confidence greater than or equal to a predefined 

threshold, referred to as the minimum sequential 

confidence, are selected. If x → y is a rule identified 

in the previous step, two measures previously defined 

in this paper are used: sequential support, as 

described in Equation 4, and sequential confidence, 

as described in Equation 5. Only the rules with 

sequential confidence that meet or exceed a 

predefined threshold are retained, forming the set of 

probabilistic sequential rules. 

 

4.Results and discussion 
The proposed algorithm was implemented using 

Python on a Windows machine with an Intel Core i5 

processor and 16 GB of RAM. For testing, 

Mushroom dataset [46] and synthetic datasets were 

used. 

 

4.1Testing the algorithm on synthetic data 

Before presenting the results, an overview of the 

synthetic data is provided. The data were randomly 

generated by simulating a PSDB and creating 

sequences containing various items, each assigned an 

existential probability between zero and one. A set of 

ten files was then created, each containing a different 

number of sequences, with the first file containing 

500 sequences and the last one containing 8,000 

sequences. Figure 4 illustrates the time taken by the 

proposed algorithm to generate the set of sequential 

rules, measured in seconds. The processing time 

depends on the number of sequences in the data. The 

figure includes three plots: one for the total time 

taken by the entire algorithm, another for the time 

taken to generate the set of probabilistic rules, and 

the third plot shows the time taken for sequential 

filtering, with the first plot representing the total 

time, which equals the sum of the other two times. 

Clearly, the execution time increases as the number 

of sequences grows. However, in terms of time 

complexity, the proposed algorithm maintains a 

reasonable complexity, typically falling within O(n 

log(n)) and, in the worst-case scenario, O(n²), as 

measured using Big O notation to assess algorithmic 

complexity. 

 

Figure 5 illustrates the space complexity of the 

proposed approach. On the x-axis, the number of 

sequences in the synthetic data is represented, while 

the y-axis indicates the memory required to execute 

the algorithm in megabytes. This analysis shows that 

the algorithm's memory usage increases as the input 

data grows. However, it performs optimally with 

larger datasets, where memory consumption 

stabilizes and continues to increase at a negligible 

rate. 

 

4.2Evaluating algorithm performance with real-

world data 

The mushroom dataset [45], used in this study, 

comprises descriptions of samples from 23 species of 

gilled mushrooms belonging to the Agaricus and 

Lepiota families. Each species is classified as either 

definitely edible, definitely poisonous, edible but 

with uncertain recommendation, or inedible. The 

latter category includes mushrooms with toxic 

properties. The guide emphasizes that determining a 

mushroom's edibility is not straightforward.  

 

In this phase of the research, no existing PSDB 

suitable for benchmarking this type of study was 

found. However, a SD can be derived from a 

transactional database by considering the order of 

items within each transaction. In contrast, a PDB is a 

standard database where each item is associated with 

its own existential probability. 

 

Figures 6 and 7 present the temporal and spatial 

complexities of the proposed algorithm compared to 

the naive algorithm when tested on real-world data, 

specifically the Mushroom dataset. The naive 

algorithm's results serve as a baseline for evaluating 
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the performance of the proposed algorithm. These 

experiments were conducted with a minimum support 

threshold, where the minimum support divided by the 

number of sequences equals 0.5. 

 

Figure 6 displays the space complexity of the 

proposed algorithm. The x-axis represents the dataset 

size in terms of the number of sequences, while the y-

axis indicates the amount of memory used in each 

experiment. The graph confirms that the algorithm 

exhibits quadratic space complexity relative to the 

dataset size. 

Figure 7 illustrates the runtime of the proposed 

algorithm relative to the number of sequences in the 

dataset. The algorithm demonstrates quadratic 

behavior, with runtime increasing as the number of 

sequences grows. Interestingly, in some instances, the 

execution time decreases between two experiments. 

This occurs because, although the dataset size in the 

first experiment is larger than in the second, the 

number of rules discovered in the second experiment 

is greater. The increased number of rules reduces 

processing time per rule, as shown in the graph. 

 

 
Figure 4 Temporal Complexity of the proposed algorithm tested on synthetic data 

 
Figure 5 Spatial Complexity of the proposed algorithm tested on synthetic data 
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Figure 6 Spatial Complexity of the proposed algorithm tested on real data compared to the naive algorithm 

 

 
Figure 7 Temporal Complexity of the proposed algorithm tested on real data compared to the naive algorithm 

 

4.3Discussion 

The experimental results of the proposed algorithm, 

implemented in Python and tested on both synthetic 

and real-world datasets, provide critical insights into 

its performance and practicality. 

 

Testing the algorithm on synthetic data provided a 

controlled environment to evaluate its performance 

across various scenarios. The synthetic data, 

generated by simulating a PSDB, varied in size from 

100 to 8000 sequences. The results demonstrated a 

clear increase in execution time as the number of 

sequences grew, which aligns with expectations 

given the algorithm's time complexity. Specifically, 

the temporal complexity of the algorithm was found 

to be quite reasonable, falling within O(n log(n)) or 

O(n²) in the worst-case scenario. This finding is 

significant as it confirms the algorithm's efficiency in 

handling larger datasets, which is a critical 

requirement for practical applications. 

 

The analysis of space complexity revealed that 

memory consumption also increased with larger input 

data, but at a diminishing rate. This suggests that the 

algorithm performs optimally with larger datasets, 

where the memory consumption stabilizes. The 

ability to maintain a manageable increase in memory 

usage while scaling up the dataset size indicates the 

algorithm's robustness and efficiency in terms of 

resource utilization. 
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The evaluation of the algorithm using the mushroom 

dataset provided insights into its performance in real-

world scenarios. The mushroom dataset, comprising 

descriptions of samples from various species of gilled 

mushrooms, presented a more complex and nuanced 

dataset compared to the synthetic data. 

 

The spatial complexity analysis confirmed that the 

algorithm exhibits quadratic space complexity 

relative to the dataset size. This result is consistent 

with the synthetic data analysis and reinforces the 

algorithm's capability to manage memory effectively 

even as the dataset size increases. The temporal 

complexity analysis showed quadratic behavior with 

runtime increasing as the number of sequences grew. 

Interestingly, there were instances where the 

execution time decreased between two experiments 

despite an increase in dataset size. This phenomenon 

can be attributed to the nature of the rules discovered, 

where a larger number of rules in smaller datasets 

reduced the processing time per rule. 

 

The results from both synthetic and real-world data 

highlight the algorithm's scalability and efficiency, 

the reasonable time complexity and stabilized 

memory usage with larger datasets make it suitable 

for practical applications involving large-scale data. 

Additionally, the observed quadratic behavior in both 

temporal and spatial complexities indicates that the 

algorithm can handle substantial increases in data 

size without exponential growth in resource 

requirements. 

 

Comparing new scientific work with existing 

research is a cornerstone of scientific inquiry. 

However, finding prior studies that directly align 

with new research is not always feasible. In such 

cases, a practical alternative is to benchmark the 

work against a naive method, which provides a 

simple baseline for evaluation. In this study, the 

naive algorithm used as a baseline consists of three 

steps: 

• Extract the set of probabilistic rules based on the 

expected support and confidence as defined in 

equations 7 and 9. 

• Extract the set of sequential rules using the 

sequential support and confidence defined in 

equation 4 and 5. 

• Determine the intersection of the two sets to 

identify the sequential probabilistic rules. 

 

The comparison between the proposed algorithm and 

the naive approach as shown in Figures 6 and 7 

reveals significant differences in performance and 

scalability. The proposed algorithm consistently 

outperforms the naive approach in terms of running 

time, requiring less time to process the same number 

of sequences. This performance gap becomes more 

noticeable as the dataset size increases. For smaller 

datasets (up to 1k sequences), the running times of 

both methods are relatively close, with the naive 

approach slightly outperforming the proposed 

algorithm at the smallest dataset size. However, as 

the number of sequences grows, the proposed 

algorithm demonstrates superior scalability, with its 

runtime increasing at a much slower rate compared to 

the naive approach. In contrast, the naive approach 

exhibits a steeper growth in runtime, indicating 

inefficiency in handling larger datasets. By the time 

the dataset size reaches 8k sequences, the naive 

approach is significantly slower than the proposed 

algorithm. Overall, the proposed algorithm proves to 

be more efficient and scalable, particularly for larger 

datasets, making it a more effective solution in data-

intensive scenarios. 

 

4.4Limitations of the proposed algorithm 

After examining the proposed algorithm for mining 

sequential probabilistic rules from uncertain SDs, the 

following limitations have been identified: 

• Handling of large datasets: The algorithm 

exhibits quadratic complexity in both time and 

space, which may not be optimal for very large 

datasets. Although its scalability is reasonable, it 

could face challenges when processing extensive 

real-world datasets due to memory and time 

constraints. 

• Dependency on existential probabilities: The 

algorithm relies heavily on the accurate 

assignment of existential probabilities to items 

within sequences. Any errors or biases in these 

probabilities can directly affect the quality of the 

mined rules, leading to less reliable results. 

• Sequential filtering approach: The two-phase 

approach (first generating probabilistic rules and 

then applying temporal filtering) might introduce 

inefficiencies. If the initial rule set is large, the 

filtering step could become computationally 

expensive. 

• Lack of parallelization: The algorithm does not 

appear to leverage parallel processing techniques. 

With modern hardware capabilities, parallelization 

could significantly reduce runtime, particularly for 

steps like PFPTree construction and probabilistic 

rule generation. 

• Assumptions on data structure: The method 

assumes that the data is well-structured as a PSDB 

with clearly defined existential probabilities. This 
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assumption may limit its applicability to datasets 

with incomplete or ambiguous structures. 

• Unavailability of suitable datasets: A significant 

limitation is the lack of publicly available datasets 

that simultaneously incorporate uncertain and 

sequential data. This restricts the evaluation of the 

algorithm to synthetic data or datasets that must be 

preprocessed to fit the required format. This 

limitation challenges the generalizability and 

validation of the algorithm's performance across 

diverse real-world scenarios. 

• Increased computational complexity: Highly 

uncertain data increases the number of possible 

worlds that need to be considered during the 

computation of expected support. As the 

uncertainty grows, the algorithm must account for 

exponentially more configurations, which can lead 

to significant increases in computation time. 

 

4.5Potential improvements 

To reduce computational costs and optimize memory 

usage for the proposed algorithm, especially in real-

world applications with high data volumes, the 

following improvements and optimizations can be 

considered: 

• Parallel Processing: Split the dataset into smaller 

partitions and process them independently for 

tasks such as PFP-Tree construction, rule 

generation, and filtering. This approach can 

significantly reduce runtime by utilizing multiple 

cores or processors. 

• Distributed Systems: Implement the algorithm on 

distributed platforms like Hadoop or Spark to 

efficiently handle large-scale datasets by 

distributing the workload across multiple nodes. 

 

A complete list of abbreviations is listed in Appendix 

I. 

 

5.Conclusion and future work 
This study introduced a novel approach for mining 

sequential probabilistic rules from uncertain SD, 

addressing a significant gap in data mining. The 

proposed algorithm effectively handles data 

uncertainty by associating each item with an 

existential probability and leveraging expected 

support measures for probabilistic rule extraction. 

The methodology, structured in six key steps, ensures 

efficient transformation, rule generation, and 

temporal filtering, enhancing accuracy while 

maintaining computational efficiency. The algorithm 

was tested on synthetic and real-world datasets, 

demonstrating superior performance compared to 

traditional approaches in terms of execution time, 

memory efficiency, and scalability. Results confirm 

that the algorithm exhibits quadratic complexity, with 

optimized performance as dataset size increases. 

 

Future work will focus on enhancing the capabilities 

of the proposed approach. Specifically, efforts will be 

directed toward developing a dedicated PSDB to 

further test and refine the proposed algorithms. 

Additionally, the methodology will be extended to 

incorporate tuple-level uncertainty models, 

broadening its applicability across diverse domains. 

To improve computational efficiency, future 

optimizations will aim to reduce time complexity, 

particularly in worst-case scenarios. Implementing 

parallel and distributed processing techniques will be 

explored to enhance scalability and real-time 

performance. Furthermore, extensive testing on 

diverse real-world datasets will be conducted to 

assess the algorithm’s generalizability and 

robustness. These advancements will ensure that the 

proposed approach evolves into a versatile and 

efficient tool for mining uncertain sequential data, 

making it more applicable to real-world scenarios 

such as cybersecurity, healthcare, and market 

analysis. 
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Appendix I 
S. No. Abbreviation Description 

1 CMRules Common Sequential Rules 

2 CM-SPAM Common Sequential Pattern Minin 

3 DNA Deoxyribonucleic Acid  

4 EFO-Miner Efficient Frequent Order-Preserving 

Pattern Miner 

5 ERMiner Equivalence Class Based Sequential 

Rule Miner 

6 FP- Growth Frequent Pattern Growth 

7 HUSRM High-Utility Sequential Rule Mining 

8 HUSRs High-Utility Sequential Rules 

9 HTSR High-Utility Totally-Ordered 

Sequential Rules  

10 OPPs Order-Preserving Patterns 

11 OPR-Miner Order-Preserving Rule Miner 

12 PDB Probabilistic Databases 

13 PFPTree  Probabilistic Frequent Pattern Tree 

14 ProFPGrowth  Probabilistic Frequent Pattern 

Growth 

15 PSDB  Probabilistic Sequence Database 

16 SD Sequence Database 

17 TaSPM Targeted Sequential Pattern Mining 

18 TDB Transaction Database 

19 TODIS TOp-Down Inheritance of Support 

pmf 

20 TP-rules Temporal Probabilistic Rules 

21 UIIP Unpromising I-Extension Item 

Pruning 

22 UPIP Unpromising Prefix Item Pruning 

   

24 USIP Unpromising S-Extension Item 

Pruning 

25 US-Rule Utility Sequential Rule Algorithm 

26 UTFP Unpromising Transaction Filter 
Pruning 

27 WFSPM Weighted Frequent Sequential 

Pattern Mining 

28 WUIPM Weighted Uncertain Interesting 
Pattern Mining 

  


